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Ghsduwphqw ri Hfrqrplfv/ Hxurshdq Xqlyhuvlw| Lqvwlwxwh
Mxdq Dqjho Jdufld
Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Zduzlfn
Wklv yhuvlrq= Mdqxdu| 4<<;
Devwudfw
Uhfhqw olwhudwxuh uhdfkhv frqwudvwlqj frqfoxvlrqv rq wkh delolw|
ri sulfh2zdjh vwdjjhulqj prghov wr jhqhudwh rxwsxw shuvlvwhqfh1
Zh ghulyh idluo| jhqhudo uhvxowv iurp d vw|olvhg orj0olqhdu prgho
zklfk hqfrpsdvvhv prvw ri wkh plfurirxqghg prgho ri sulfh2zdjh
vwdjjhulqj1 Rxu uhvxowv kljkoljkw wkh ihdwxuhv ri wkh xqghuo|lqj
hfrqrp| zklfk duh fuxfldo lq jhqhudwlqj rxwsxw shuvlvwhqfh= vxe0
vwlwxwdelolw| ehwzhhq jrrgv dqg2ru oderxu w|shv dqg idfwru lp0
prelolw|1 Pruhryhu/ zh vkrz wkdw shuvlvwhqfh gr qrw jhqhudoo|
ghshqg rq wkh sduwlfxodu ydoxh dvvljqhg wr wkh lqwhuwhpsrudo hodv0
wlflw| ri oderxu vxsso|/ zklfk kdv vr idu ehhq wkh irfxv ri wklv
olwhudwxuh1
MHO fodvvlfdwlrq=H57/ H651
Nh|zrugv= rxwsxw shuvlvwhqfh/ vwdjjhuhg sulfh2zdjhv1
￿Zh duh yhu| judwhixo wr Qhlo Udqnlq iru pdq| khosixo glvfxvvlrqv1
|Fruuhvsrqglqj dxwkru= Jxlgr Dvfdul/ Mhdq Prqqhw Ihoorz/ Ghsduwphqw ri Hfr0
qrplfv/ Hxurshdq Xqlyhuvlw| Lqvwlwxwh/ Yld ghl Urffhwwlql </ Edgld Ilhvrodqd/ Vdq
Grphqlfr gl Ilhvroh +IL,/ 83349 LWDO\1 H0pdlo= dvfdulCgdwdfrpp1lxh1lw14 Lqwurgxfwlrq
Wkh ryhuodsslqj frqwudfwv prghov ri Fdoyr +4<;6, dqg Wd|oru +4<;3,
kdyh ehhq zlgho| xvhg lq wkh exvlqhvv f|foh olwhudwxuh1 Lqghhg/ wkh| qrw
rqo| lqwurgxfh wkh qrplqdo uljlglw| qhfhvvdu| iru wkh lpsdfw hhfw ri d
prqhwdu| lqqrydwlrq/ exw dovr surylgh d qrplqdo sursdjdwlrq phfkdqlvp
zklfk lv lq sulqflsoh fdsdeoh ri jhqhudwlqj shuvlvwhqfh ri wkh uhdo hhfwv
ri prqh| vkrfnv1
Krzhyhu/ vrph uhfhqw sdshuv +l1h1/ Fkdul hw do1 +4<<9, dqg Dvfdul
+4<<:,, kdyh vhulrxvo| txhvwlrqhg wkh h{sodqdwru| srzhu ri vwdjjhuhg
sulfh2zdjh vhwwlqj lq dffrxqwlqj iru rxwsxw shuvlvwhqfh iru uhdvrqdeoh
sdudphwhu ydoxhv1 Rq wkh rwkhu kdqg/ vrph rwkhuv +l1h1/ Urwhpehuj dqg
Zrrgirug +4<<:, dqg Hufhj +4<<:,, fodlp wkdw wkhlu prghov fdq pdwfk
wkh revhuyhg ghjuhh ri shuvlvwhqfh1 Khqfh/ lw vhhpv wkhuh lv qr frqvhqvxv
lq wkh olwhudwxuh1 Ehvlghv/ frpsdulvrq dprqj h{lvwlqj prghov lv idu iurp
vwudljkwiruzdug vlqfh Fkdul hw do1 +4<<9, irfxv rq sulfh vwdjjhulqj/ Dvfdul
+4<<:, rq zdjh vwdjjhulqj/ Hufhj +4<<:, rq erwk dqg Urwhpehuj dqg
Zrrgirug +4<<:, hpsor| wkh |hrpdq0iduphu k|srwkhvlv1
Lq wklv sdshu/ zh surylgh d jhqhudo iudphzrun wr foduli| wkh lvvxh
ri shuvlvwhqfh ri uhdo hhfwv ri prqh| vkrfnv lq vwdjjhuhg zdjh2sulfh
prghov1 Rxu dlpv duh wr= +l, kljkoljkw wkh glhuhqfhv ehwzhhq sulfh dqg
zdjh vwdjjhulqj> +ll, dqdo|vh zklfk ihdwxuhv ri wkh xqghuo|lqj hfrqrp|
zlwk vxshulpsrvhg sulfh2zdjh vwdjjhulqj duh fuxfldo iru jhqhudwlqj rxw0
sxw shuvlvwhqfh> +lll, udqn wkh glhuhqw srwhqwldo vshflfdwlrqv dffruglqj
wr wkhlu delolw| wr jhqhudwh rxwsxw shuvlvwhqfh1 Lq rughu wr gr vr/ zh
exlog d vw|olvhg orj0olqhdu prgho wkdw hqfrpsdvvhv +prvw ri, wkh h{lvwlqj
plfurirxqghg prghov ri vwdjjhuhg sulfhv2zdjhv1
Rxu uhvxowv kljkoljkw wkdw= +l, li wkh pdujlqdo frvw fxuyh lv xszdug
vorslqj wkhq sulfh vwdjjhulqj jhqhudoo| gholyhuv d kljkhu ghjuhh ri shuvlv0
whqfh wkdq zdjh vwdjjhulqj1 +ll, Vxevwlwxwdelolw| ehwzhhq jrrgv dqg2ru
oderxu w|shv sod|v wkh pdmru uroh lq jhqhudwlqj shuvlvwhqfh1 Lq prg0
hov zlwk rqo| vxevwlwxwdelolw| ehwzhhq jrrgv/ sulfh vwdjjhulqj qdwxudoo|
gholyhuv kljkhu shuvlvwhqfh wkdq zdjh vwdjjhulqj1 Wkh rssrvlwh lv wuxh
4lq prghov zlwk vxevwlwxwdelolw| ehwzhhq oderxu w|shv1 +lll, Wr jhqhudwh
shuvlvwhqfh wrjhwkhu zlwk vrph vxevwlwxwdelolw| ehwzhhq jrrgv dqg2ru
oderxu/ zh qhhg vrph nlqg ri idfwru lpprelolw|> lq sduwlfxodu wkh glv0
wlqfwlrq ehwzhhq iuhh prelolw| dqg qr prelolw| ri oderxu lv ixqgdphqwdo1
Qr0prelolw|0ri oderxu prghov +erwk lqgxvwuldo dqg fudiw xqlrq prg0
hov, eulqj lq qhz phfkdqlvpv wkdw lqfuhdvh shuvlvwhqfh/ vwuhqjwkhqlqj
wkh hhfwv ri vxevwlwxwdelolw|1 Txdqwlwdwlyho|/ wkh glhuhqfh lv wkhq jrlqj
wr uhvw xsrq wkh txdqwlwdwlyh glhuhqfh ehwzhhq wkh uhohydqw hodvwlfl0
wlhv ri vxevwlwxwlrq +l1h1/ hodvwlflwlhv ri oderxu ghpdqgv,1 +ly, Dowkrxjk d
vxevwdqwldo +lq wkh vhqvh ri qhdu udqgrp zdon ehkdylrxu, ghjuhh ri shuvlv0
whqfh lv xqolnho| lq sulfh2zdjh vwdjjhulqj prghov/ wzr prghov fdq gholyhu
vljqlfdqw shuvlvwhqfh= wkh |hrpdq iduphu prgho +zlwk sulfh vwdjjhulqj,
dqg wkh fudiw xqlrq prghov zlwk zdjh vwdjjhulqj1 +y, Fhwhulv sdulexv
+l1h1/ iru uhdolvwlf ydoxhv ri doo wkh rwkhu sdudphwhuv,/ wkhvh frqfoxvlrqv gr
qrw ghshqg rq wkh sduwlfxodu ydoxh dvvljqhg wr wkh lqwhuwhpsrudo hodvwlf0
lw| ri oderxu vxsso|/ zklfk kdv vr idu ehhq wkh irfxv ri wklv olwhudwxuh1
Qrwh wkdw wkh uvw uhvxow vhhpv dw rggv zlwk Dqghuvhq*v +4<<;d,
wkdw zdjh vwdjjhulqj prghov gholyhu kljkhu shuvlvwhqfh wkdq sulfh vwdj0
jhulqj prghov1 Krzhyhu/ rxu dqdo|vlv vkrzv wkdw Dqghuvhq*v +4<<;d,
qglqj lv qrw gxh wr dq lqwulqvlf glhuhqfh ehwzhhq zdjh dqg sulfh vwdj0
jhulqj prghov/ exw wr wkh sduwlfxodu dvvxpswlrqv lq wkh wzr fdvhv wkhuh
suhvhqwhg1 Wkh uhvxowv duh xvhixo qrw rqo| iru lqwhusuhwlqj wkh h{lvwlqj
olwhudwxuh exw dovr iru wkrvh zkr pljkw frqvlghu xqghuwdnlqj ixuwkhu uh0
vhdufk lq wklv duhd1 Vshflfdoo|/ wkh frpelqdwlrq ri qrplqdo dqg uhdo
uljlglwlhv kdv uhfhqwo| uhfhlyhg uhqhzhg dwwhqwlrq +h1j1/ Mhdqqh +4<<;,/
Dqghuvhq +4<<;e,/ Nloh| +4<<:,/ Ehujlq dqg Ihhqvwud +4<<;,/ Dvfdul dqg
Jdufld +4<<;,,/ d olqh ri uhvhdufk wkdw lv olnho| wr frqwlqxh lq wkh qhdu
ixwxuh1 Zh wkhuhiruh wklqn wkdw rxu dqdo|vlv ri wkh hhfwv ri wkh ghhs
sdudphwhuv ri wkh xqghuo|lqj hfrqrp| rq wkh ghjuhh ri shuvlvwhqfh zloo
suryh hqoljkwhqlqj1
55 D Shuihfwo| Ioh{leoh Zdjh dqg Sulfh Pl0
furirxqghg Prgho
Lq wklv vhfwlrq zh vnhwfk d shuihfwo|  h{leoh zdjh2sulfh orj0olqhdu prgho
zklfk fdq eh wkrxjkw ri dv ghulyhg iurp d orj0olqhdulvhg yhuvlrq ri d
plfurirxqghg prgho1 Wkh prgho lv yhu| jhqhudo lq lwv irupxodwlrq dqg
frxog hdvlo| eh ghulyhg dv d orj0olqhdulvhg yhuvlrq ri prvw prghov ri pr0
qrsrolvwlf frpshwlwlrq vxfk dv wkh rqh lq Eodqfkdug dqg Nl|rwdnl +4<;:,
ru wkh glhuhqw yhuvlrqv suhvhqwhg e| Gl{rq dqg Udqnlq +4<<7, lq wkhlu
vxuyh|1 Hyhq li doo wkh htxdwlrqv duh orj0olqhdu wkh prgho lv qrw dg krf>
zh zloo nhhs uhihuulqj wr wkh xqghuo|lqj plfurhfrqrplf vwuxfwxuh ri wkh
vhyhudo yhuvlrqv ri wkh prgho lq wkh qh{w vhfwlrq1
W k hv l } hr iw k hz k r o hh f r q r p |l vq r u p d o l v h gw r4d q gw k x vw k hh f r q 0
rp| frqvlvwv ri d frqwlqxxp ri lqgxvwulhv lqgh{hg e|  5 dfco14 Hyhu|
lqgxvwu| surgxfhv d vlqjoh glhuhqwldwhg shulvkdeoh surgxfw1 Krxvhkrogv
duh lqgh{hg e|  5 dfco dqg wkh| olyh iruhyhu1 Doo upv kdyh wkh vdph
whfkqrorj| dqg krxvhkrogv kdyh wkh vdph suhihuhqfhv1 Suhihuhqfhv duh
FHV ryhu frqvxpswlrq jrrgv zklfk duh jurvv vxevwlwxwhv1 Lq rughu wr
hdvh wkh lqwurgxfwlrq ri vwdjjhulqj lq wkh qh{w vhfwlrq/ wkh vxsso| vlgh
ri wkh hfrqrp| lv glylghg lqwr wzr vhfwruv=  dqg / ri htxdo vl}h +rqh
kdoi, iru vlpsolflw|1
Ilupv duh lghqwlfdo dqg oderxu lv wkh rqo| idfwru ri surgxfwlrq1
Iurp d vkruw0uxq surgxfwlrq ixqfwlrq +lq ohyhov, ri wkh irup5 t| '
kuj
| / wkh vhfwruv* vxsso| ixqfwlrqv duh +orzhu fdvh yduldeohv ghqrwh orj0
4Wkh idfw wkdw zh kdyh d frqwlqxxp +d codujh* qxpehu, ri djhqwv phdqv wkdw
hdfk ￿up dqg krxvhkrog wdnhv wkh djjuhjdwh yduldeohv dv jlyhq1 Khqfh/ wkhuh lv qr
vwudwhjlf lqwhudfwlrq dprqj wkhp1 Zh riwhq mxvw suhvhqw wkh irupxodv iru vhfwruv/
rewdlqhg vlpso| e| djjuhjdwlqj dfurvv w|slfdo ￿upv ru krxvhkrogv ehorqjlqj wr wkh
vhfwru1 Krzhyhu/ lw lv qrw wkh vdph dv kdylqj rqo| rqh djhqw iru hdfk vhfwru1 Li wkdw
zdv wkh fdvh zh zrxog qhhg wr wdnh vwudwhjlf lqwhudfwlrqv lqwr dffrxqw1
5Zh lqwhusuhw rxu surgxfwlrq ixqfwlrq dv d vkruw0whup surgxfwlrq ixqfwlrq zkhuh
fdslwdo lv hpehgghg lq wkh ￿{hg whup dqg fdqqrw eh dgmxvwhg1 Dqrwkhu zd| wr orrn
dw lw lv wr dvvxph wkdw fdslwdo lv lqgxvwu| vshfl￿f dqg khqfh fdqqrw eh pryhg dfurvv
lqgxvwulhv1 Vhh Hufhj +4<<:, iru dq hqoljkwhqlqj glvfxvvlrq ri wkh lpsolfdwlrqv ri vxfk
dq dvvxpswlrq1
6ghyldwlrqv iurp vwhdg| vwdwh,
R￿| ' ￿| n @+￿| +4,
R￿| ' ￿| n @+￿| +5,
zkhuh @ ' ￿3j
j > Rf| ' s u l f hr iv h f w r uf iru f ' c> f| ' qrplqdo
zdjh lq vhfwru f( +f| ' vhfwru f*v uhdo rxwsxw1 Qrwh wkdw +4, dqg +5, krog
uhjdugohvv ri zkhwkhu wkh jrrgv pdunhw lv frpshwlwlyh ru prqrsrolvwlf/
dv orqj dv hdfk up idfhv d ghpdqg fxuyh zlwk frqvwdqw hodvwlflw|16 Wkh
rqo| glhuhqfh ehwzhhq wkh wzr fdvhv/ lq idfw/ lv wkh suhvhqfh ri d frqvwdqw
pdun0xs +jlyhq wkdw wkh hodvwlflw| ri ghpdqg lv frqvwdqw, lq wkh htxdwlrq
lq ohyhov iru wkh prqrsrolvwlf jrrgv pdunhwv1 \hw lq wkh orj0olqhdulvhg
yhuvlrq ri wkh prgho wkh frqvwdqwv glvdsshdu1 Wkh wzr fdvhv wkxv kdyh
wkh vdph orj0olqhdu irupxod iru wkh vxsso| ixqfwlrqv ri d w|slfdo up1
Lqgxvwulhv surgxfh glhuhqwldwhg jrrgv dqg w lv wkh hodvwlflw| ri
vxevwlwxwlrq dprqj wkh jrrgv17 Lqgxvwulhv* ghpdqgv duh ghulyhg iurp d
orj0olqhdulvdwlrq ri wkh vwdqgdug Gl{lw0Vwljolw} irupxod
+￿| ' wER|  R￿|n+| +6,
+￿| ' wER|  R￿|n+| 1 +7,
Krxvhkrogv duh dovr glylghg lqwr wzr jurxsv ri htxdo vl}h +rqh kdoi,/
 dqg (1 Wkh vwdqgdug uvw0rughu frqglwlrq iru oderxu vxsso| +lq ohy0
hov, htxdwhv wkh uhdo zdjh wr wkh udwlr ri pdujlqdo glvxwlolw| ri oderxu








1D v v x p l q jd qd g 0
glwlyho| vhsdudeoh xwlolw| ixqfwlrq/ zh fdq zulwh
￿| ' #,,,￿| n #SSS￿| n R| +8,
(| ' #,,,(| n #SSS(| n R| +9,
zkhuh 7| ' qrplqdo zdjh lq jurxs 7/i r u7 ' c( > ,7| ' dprxqw ri
oderxu vxssolhg e| d w|slfdo krxvhkrog lq jurxs 7 > S7| ' frqvxpswlrq
6Wklv lv wkh xvxdo dvvxpswlrq lq prqrsrolvwlf frpshwlwlrq pdfurprghov1
7Ghvslwh wkh idfw wkdw lqgxvwulhv surgxfh gl￿huhqwldwhg jrrgv/ zh fdq vwloo uhjdug
d frpshwlwlyh jrrgv pdunhw dv hqfrpsdvvhg e| wkh irupxodv +4, dqg +5,1 Wklv zrxog
eh wkh fdvh lq d iudphzrun zkhuh wkhuh lv d codujh* qxpehu ri ￿upv lq hdfk lqgxvwu|1
7ri d w|slfdo krxvhkrog lq jurxs 7 > #,, '
L,, ,
L, : f lv wkh hodvwlflw| ri wkh
pdujlqdo glvxwlolw| ri oderxu zlwk uhvshfw wr oderxu> #SS '
3LSS S
LS : f lv
+plqxv, wkh hodvwlflw| ri wkh pdujlqdo xwlolw| ri frqvxpswlrq zlwk uhvshfw
wr frqvxpswlrq1 Wkurxjkrxw/ zh zloo dvvxph wkdw #,, dqg #SS duh frqvwdqw
+dv iru prvw ri wkh xwlolw| ixqfwlrqv xvhg lq pdfurprghov,1 Jlyhq wkdw
zh kdyh dvvxphg dq dgglwlyho| vhsdudeoh xqghuo|lqj xwlolw| ixqfwlrq/ #,,
dqg #SS duh wkh lqyhuvhv ri wkh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq
lq oderxu vxsso| dqg frqvxpswlrq uhvshfwlyho|1 Pruhryhu/ #SS frlqflghv
zlwk wkh lqfrph hhfw rq oderxu vxsso|18
W k hs u h v h q f hr iv r p hk h w h u r j h q h l w |d f u r v vl q  q l w h o | 0 o l y h gk r x v h 0
krogv lq pdfurprghov fuhdwhv dq dqdo|wlfdo sureohp1 Wkh xvxdo zd| wr
ghdo zlwk khwhurjhqhlw| dqg dyrlg dq| glvwulexwlrqdo frpsolfdwlrqv lv wr
dvvxph frpsohwh pdunhwv1 Djhqwv fdq wkhq frpsohwho| lqvxuh wkhpvhoyhv
djdlqvw lglrv|qfudwlf vkrfnv ru xqsuhglfwdeoh  xfwxdwlrqv1 Wklv lpsolhv
wkdw wkh pdujlqdo xwlolw| ri frqvxpswlrq lv htxdolvhg dfurvv krxvhkrogv
hdfk shulrg1 Khqfh/ jlyhq dq dgglwlyho| vhsdudeoh xwlolw| ixqfwlrq/ krxvh0
krogv frqvxph wkh vdph lq hdfk shulrg1 Vlqfh wkh jrrgv pdunhw htxlole0
ulxp lpsolhv +| ' ￿
2ES￿| n S(|/ hdfk ri wkh wzr jurxsv frqvxphv kdoi ri












+| 1+ ; ,
Djjuhjdwh ghpdqg ghulyhv iurp d vwdqgdug prqh| ghpdqg htxd0
wlrq9
S| ' +| ' 6|  R| +<,
8Dv zdv wkh fdvh iru wkh vxsso| ixqfwlrqv iru wkh jrrgv pdunhw/ l1h1/ +4, dqg +5,/
wkh vxsso| ixqfwlrqv lq wkh oderxu pdunhw/ l1h1/ +8, dqg +9, krog erwk lq d frpshwlwlyh
oderxu pdunhw dqg lq d oderxu pdunhw fkdudfwhulvhg e| prqrsro| xqlrqv/ surylghg
oderxu ghpdqg ixqfwlrqv kdyh d frqvwdqw hodvwlflw|1
9Qrwh wkdw zh lpsrvh d frqvwdqw0yhorflw|0ri0flufxodwlrq djjuhjdwh ghpdqg ixqfwlrq
ehfdxvh zh zdqw wr irfxv rq wkh vxsso| vlgh ri wkh prgho1 Hyhq li wklv djjuhjdwh
ghpdqg orrnv vwdwlf/ +<, fdq eh ghulyhg iurp lqwhuwhpsrudo rswlplvdwlrq lq wzr fdvhv1
Iluvw/ dv E￿qdvv| +4<<8, vkrzv/ wkh yhorflw| ri flufxodwlrq ri prqh| lv frqvwdqw lq
dq lqwhuwhpsrudo rswlplvlqj prgho zkhqhyhu prqh| lv lqmhfwhg rqo| wkurxjk lqwhuhvw
8zkhuh frqvxpswlrq lv htxdo wr rxwsxw/ vlqfh fdslwdo lv {hg1 Wkh djjuh0
jdwh sulfh ohyho lv mxvw wkh dyhudjh ri wkh wzr vhfwruv* sulfhv +vlqfh upv




ER￿| n R￿|  +43,




E+￿| n +￿| +44,
zklfk vlpso| vwdwhv wkdw djjuhjdwh rxwsxw lv jlyhq e| wkh zhljkwhg dy0
h u d j hr ir x w s x w vl qdw | s l f d ol q g x v w u |r ih d f kv h f w r u 1
Vr idu zh kdyh suhvhqwhg d udwkhu jhqhudo shuihfwo|  h{leoh zdjh2sulfh
orj0olqhdu prgho zkrvh htxdwlrqv duh frqvlvwhqw zlwk yluwxdoo| dq| pr0
qrsrolvwlf frpshwlwlrq pdfurprgho1 Krzhyhu/ zh kdyh d shuihfwo|  h{leoh
zdjh2sulfh prgho zlwk 47 yduldeohv +l1h1/ +|cR |cR ￿|cR ￿|c ￿|c ￿|c+ ￿|c
+￿|c, ￿|c, (|c ￿|c (|cS ￿|cS (|/ rqh h{rjhqrxv yduldeoh/ l1h1 6|c dqg
43 htxdwlrqv ++<,/ +43,/ +4,/ +5,/ +6,/ +7,/ +8,/ +9,/ +:,/ +;,,1 Wkh irxu
plvvlqj htxdwlrqv duh wkh vhfwruv* oderxu ghpdqgv/ ,￿| dqg ,(| dqg wzr
htxdwlrqv ghvfulelqj wkh olqnv ehwzhhq ￿|c ￿|c dqg ￿|c (|1W k h v h
htxdwlrqv zloo eh glhuhqw dffruglqj wr wkh w|sh ri oderxu pdunhw vwuxf0
wxuh zh dvvxph1 Dv zh zloo vhh/ glhuhqw oderxu pdunhw vwuxfwxuhv wxuq
rxw wr eh fuxfldo iru wkh shuvlvwhqfh surshuwlhv ri wkh vwdjjhuhg yhuvlrq
ri wkh prgho1
Wr lqwurgxfh vwdjjhulqj lq wkh prgho zh surfhhg lq wkh iroorzlqj
zd|1 Wkh uvw vwhs lv wr forvh wkh shuihfwo|  h{leoh zdjh2sulfh prgho/
wkdw lv/ wr zulwh grzq wkh plvvlqj htxdwlrqv dffruglqj wr wkh glhuhqw
oderxu pdunhw vwuxfwxuhv zh zloo dqdo|vh lq wkh qh{w vhfwlrq1 Wkh vhfrqg
vwhs lv wr qg wkh rswlpdo uxoh lq wkh shuihfwo|  h{leoh zdjh2sulfh prgho
sd|phqwv rq erqgv1 Vhfrqg/ jlyhq dq dgglwlyho| vhsdudeoh xwlolw| ixqfwlrq dv lq Dvfdul
+4<<:,/ wkh orj0olqhdulvhg djjuhjdwh ghpdqg lv htxdo wr |w @ pw￿sw.}w> zkhuh wkh odvw
whup hyroyhv dffruglqj wr d sxuh iruzdug0orrnlqj htxdwlrq1 Iroorzlqj d whpsrudu|
l1l1g1 prqh| vkrfn/ }w mxpsv lpphgldwho| wr wkh +xqfkdqjhg, vwhdg| vwdwh/ wkxv lw
vwd|v frqvwdqw1 Li prqh| vkrfnv duh whpsrudu| dqg qrw dxwrfruuhodwhg wkhq }w kdv qr
h￿hfw rq shuvlvwhqfh dqg zh fdq mxvw lpsrvh +<, rq wkh prgho1
9iru wkh qrplqdo yduldeoh zh zdqw wr vwdjjhu +sulfh ru zdjh,/ jlyhq wkh
oderxu pdunhw vwuxfwxuh1 Wkh wklug vwhs wudqvirupv wkh shuihfwo|  h{leoh
zdjh2sulfh prgho lqwr d vwdjjhuhg prgho e| dvvxplqj wkdw wkh qrplqdo
yduldeoh ri lqwhuhvw= +l, lv vhw iru wzr shulrgv lq d vwdjjhuhg idvklrq> +ll,
lv vlpso| jlyhq e| wkh dyhudjh ri wrgd|*v dqg wrpruurz*v rswlpdo uxohv
+zklfk kdyh mxvw ehhq irxqg iru wkh shuihfwo|  h{leoh zdjh2sulfh prgho lq
vwhs wzr,1 Wkxv/ rxu dssurdfk lv yhu| vlplodu wr Eodqfkdug dqg Ilvfkhu












E%|3￿ n %|n+| +46,
+| ' 6|  R| 1+ 4 7 ,
zkhuh % ghqrwhv wkh vwdjjhuhg yduldeoh ri lqwhuhvw +vhfwruv* sulfh ru zdjh,1

















1+ 4 8 ,
b dovr uhsuhvhqwv wkh shuvlvwhqfh urrw iru rxwsxw dqg zloo eh wkh irfxv ri
wkh dqdo|vlv1 Iru frqyhqlhqfh lq wkh qh{w vhfwlrqv zh zloo dfwxdoo| irfxv
rq - ehfdxvh ri wkh gluhfw olqn ehwzhhq b dqg -= wkh kljkhu -c wkh orzhu
b dqg shuvlvwhqfh1
Zh lqyhvwljdwh wkh shuvlvwhqfh surshuwlhv +l1h1/ -, ri vhyhudo gli0
ihuhqw prghov dffruglqj wr wkh w|sh ri oderxu pdunhw zh frqvlghu dqg
wkh qrplqdo yduldeoh +sulfh ru zdjh, zh vwdjjhu1 Zh vkrz krz hdfk ri
wkhvh glhuhqw prghov fruuhvsrqgv wr d prgho lq wkh olwhudwxuh dqg fdq
eh h{suhvvhg lq wkh vdph uhgxfhg irup dv deryh1 Wkh lpsolfdwlrqv ri wkh
:Txlwh reylrxvo|/ wkh vdph uhvxow fdq eh rewdlqhg e| gluhfwo| vwdjjhulqj wkh htxd0
wlrq iru wkh qrplqdo yduldeoh ri lqwhuhvw lq wkh shuihfwo|  h{leoh prgho dqg wkhq
vxevwlwxwlqj rxw wr jhw wkh uhgxfhg irup1 Lw grhv qrw pdwwhu wkh rughu lq zklfk vwhs
wzr dqg wkuhh duh shuiruphg1 Pruhryhu/ ixwxuh yduldeohv vkrxog eh h{shfwhg1 Jlyhq
wkdw zh zloo dqdo|vh orj0olqhdu prghov/ wkrxjk/ wkh h{shfwdwlrq rshudwru kdv qr h￿hfw
rq shuvlvwhqfh surshuwlhv1 Wkxv/ zh zloo rplw lw iru vlpsolflw|1
:dowhuqdwlyh hfrqrplf vwuxfwxuhv iru shuvlvwhqfh zloo wkhq eh lpphgldwho|
hylghqw1
6 Vwdjjhuhg Prghov
Lq wklv vhfwlrq zh suhvhqw glhuhqw zdjh2sulfh vwdjjhulqj prghov/ ghulyhg
iurp wkh shuihfwo|  h{leoh zdjh2sulfh prgho ri wkh suhylrxv vhfwlrq1 Wkh
glvfxvvlrq dqg frpsdulvrq dprqj doo wkhvh glhuhqw prghov lv srvwsrqhg
wr vhfwlrq 71
614 Vwdjjhuhg Sulfhv dqg Shuihfw Oderxu Prelolw|=
Fkdul hw do1 +4<<9,
Iluvw/ zh qhhg wr forvh wkh shuihfwo|  h{leoh zdjh2sulfh prgho1 Li oderxu
lv frpsohwho| preloh dfurvv vhfwruv wkhq krxvhkrogv vxsso| oderxu wr erwk
vhfwruv lq wkh hfrqrp| dqg wkh zdjh lv htxdolvhg dfurvv krxvhkrogv dqg
upv/ l1h1 ￿| ' ￿| ' ￿| ' (|1 Jlyhq +8,/ +9,/ +:, dqg +;,/ wkh wzr
jurxsv ri krxvhkrogv vxsso| wkh vdph dprxqw ri oderxu1 Wkxv




dqg wklv jlyhv wkh vhfwruv* oderxu ghpdqgv lq wkh shuihfwo|  h{leoh zdjh2sulfh
prgho1
Vhfrqg/ zh qg wkh rswlpdo uxoh lq wkh shuihfwo|  h{leoh zdjh2sulfh
prgho iru wkh yduldeoh zh zdqw wr vwdjjhu= vhfwruv* sulfhv1 Vxevwlwxwlqj
+49, lq +8, dqg +9,/ dqg xvlqj +:, dqg +;,/ |lhogv;






+|  R| n h + | 1+ 4 : ,
;Wr dyrlg frqixvlrq/ lw lv ehwwhu wr vwuhvv wkdw zh ghqrwh h ￿ dv wkh hodvwlflw| ri uhdo
zdjh zlwk uhvshfw wr djjuhjdwh rxwsxw +z[w ￿ sw @ h ￿|w,d q g￿ dv wkh hodvwlflw| ri
vhfwruv* sulfh zlwk uhvshfw wr djjuhjdwh rxwsxw +s[w ￿ sw @ ￿|w,1 ￿ lv lqvwhdg wkh
hodvwlflw| ri wkh vwdjjhuhg yduldeoh zlwk uhvshfw wr djjuhjdwh rxwsxw lq wkh uhgxfhg
irup +45,1 Wkxv ￿ zloo frlqflgh zlwk h ￿ lq vwdjjhuhg zdjh prghov dqg zlwk ￿ lq
vwdjjhuhg sulfh prghov1
;Xvh wklv h{suhvvlrq lq +4, dqg +5, dqg vxevwlwxwh rxw iru vhfwruv*
rxwsxw e| pdnlqj xvh ri +6, dqg +7, wr rewdlq
R￿| ' R￿| ' R| n

h  n @
n@w

+|  R| n +| +4;,
zklfk lv wkh rswlpdo sulflqj uxoh ri vhfwru0 upv dv d ixqfwlrq ri R| dqg
+|1
Wklug/ zh lqwurgxfh vwdjjhulqj1 Zh wkhq vxssrvh wkdw hdfk up lq
d jlyhq vhfwru/ dfwlqj lqghshqghqwo|/ vhwv lwv sulfh iru wzr shulrgv lq d
vwdjjhuhg idvklrq1 Wkdw lv/ upv lq vhfwru  { wkh sulfh lq hyhq shulrgv/
upv lq vhfwru  { lw lq rgg shulrgv1 Wkxv






E+|nr n +|nrn￿ +4<,
sJo 5  dqg sJo r'f c2ce






E+|nr3￿ n +|nr +53,
sJo 5  dqg sJo r'f c2ce 1
Djjuhjdwlqj dfurvv vhfwruv dqg ghqrwlqj wkh vwdjjhuhg yduldeoh e|







 E+| n +|n￿
<Dv h{sodlqhg lq irrwqrwh : deryh/ zh fdq uhyhuvh wkh rughu ri vwhsv wzr dqg wkuhh1
Wkdw lv/ wkh vdph h{suhvvlrqv fdq eh rewdlqhg e| vwdjjhulqj dw wkh rxwvhw +4, dqg +5,
iru d w|slfdo ￿up lq hdfk vhfwru1 Iru d w|slfdo ￿up l lq vhfwru D






+|lw.v.|lw.v.4, iru l5 D dqg iru v@3 >5>7===












1 Wklv uhgxfhg irup fruuhvsrqgv wr wkh rqh ri wkh
suhylrxv vhfwlrq +l1h1/ +45,/ +46, dqg +47,, zlwk  '  dqg  'f 1W k h
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#,, n j#SS n j
j n w E  j
1+ 5 4 ,








E+￿| n +￿|n￿ +55,


















E+| n +|n￿ +56,
zkhuh /| 'E | R| uhsuhvhqwv wkh uhdo zdjh1 Li j '+frqvwdqw uhwxuqv
wr oderxu,/ wkhq @ 'fdqg htxdwlrq +56, h{dfwo| pdwfkhv htxdwlrq +79,
lq Fkdul hw do1 +4<<9,/ s1 461 Pruhryhu/ lq wklv fdvh  ' h  ' #,, n #SS/
h{dfwo| dv wkhlu  rq sdjh 481
Wkh prgho lv dovr d jhqhudolvdwlrq ri wkh dg krf sulfh vwdjjhulqj
prgho ri Dqghuvhq +4<<;d,/ zklfk lv rewdlqhg e| vhwwlqj j ' 1
615 Vwdjjhuhg Sulfhv dqg Qr Prelolw| ri Oderxu=
wkh \hrpdq0Iduphu Prgho= Eodqfkdug dqg Ilv0
fkhu +4<;<, dqg Urwhpehuj dqg Zrrgirug +4<<:,
Lq wklv fdvh/ krxvhkrogv ri jurxs  zrun iru upv lq vhfwru  zkloh krxvh0
krogv ri jurxs ( zrun iru upv lq vhfwru 1 Wkh prgho lv htxlydohqw wr
wkh |hrpdq0iduphu prgho zkhuh hdfk krxvhkrog surgxfhv d glhuhqwldwhg
43jrrg dqg wkhuh lv qr oderxu pdunhw1 Wkxv/ wkh plvvlqj htxdwlrqv lq wkh
shuihfwo|  h{leoh zdjh2sulfh prgho duh= ,￿| ' ,￿| '
+￿|
j / ￿| ' ￿| dqg
,(| ' ,￿| '
+￿|
j / ￿| ' (|1 Wkh zdjh htxdwlrq lq wkh shuihfwo|  h{leoh





n #SS+| n R| ' +57,
' R| n

#,, n #SSE n w@j
jE n w@nw#,,

+| ' R| n h + | 1
+57, fruuhvsrqgv wr +4:, lq wkh suhylrxv prgho/ dqg zh fdq surfhhg
iroorzlqj wkh vdph vwhsv dv ehiruh wr ghulyh wkh rswlpdo sulflqj uxoh iru
wkh iduphu1 Krzhyhu/ dsduw iurp wkh glhuhqw h{suhvvlrq iru h c wkh prgho













￿ zkhuh  '
h ￿n@
￿n@w Djdlq/ wkh shuvlvwhqfh surshuwlhv
ri wklv prgho ghshqg rqo| rq
-2 '  '
#,, n j#SS n j
j n w E  jnw#,,
1+ 5 8 ,
Wkh prgho hqfrpsdvvhv wzr uhfhqw |hrpdq0iduphu prghov= Eodq0
fkdug dqg Ilvfkhu +4<;<, dqg Urwhpehuj dqg Zrrgirug +4<<:,143 Qru0
pdoo|/ d vwdqgdug |hrpdq0iduphu prgho lqfoxghv d whup T E+￿ lq wkh
xwlolw| ixqfwlrq wr uhsuhvhqw wkh glvxwlolw| iurp surgxflqj iru wkh iduphu1
Wkh vwdqgdug uvw rughu frqglwlrq wkdw jlyhv wkh rswlpdo sulfh lq d iduphu











1+ 5 9 ,
L wv w d w h vw k d ww k hr s w l p d ou d w l rr iw k hs u l f hr iw k hj r r gs u r g x f h ge |w k h
iduphu wr wkh djjuhjdwh sulfh ohyho lv jlyhq e| d frqvwdqw pdun0xs ryhu wkh
43Wklv lv txlwh d vwurqj fodlp exw vkrxog eh wkrxjkw dv olplwhg wr wkh lvvxh zh duh
frqfhuqhg zlwk khuh +l1h1/ wkh hodvwlflw| ri wkh uhdo zdjh zlwk uhvshfw wr rxwsxw dqg lwv
lpsolfdwlrq iru shuvlvwhqfh,1 Lq uhdolw|/ dsduw iurp wklv srlqw wkh wzr prghov duh yhu|
pxfk gl￿huhqw1 Urwhpehuj dqg Zrrgirug +4<<:,= +l, kdyh d Fdoyr0w|sh vwuxfwxuh
iru sulfh vwdjjhulqj> +ll, kdyh rwkhu uljlglwlhv wr khos wkh prgho pdwfk wkh lpsxovh
uhvsrqvh ixqfwlrq ri dq xquhvwulfwhg YDU> +lll, duh pdlqo| frqfhuqhg zlwk dqrwkhu
lvvxh= frpsxwlqj rswlpdo prqhwdu| srolf| lq dq rswlplvlqj iudphzrun1
44udwlr ri pdujlqdo glvxwlolw| iurp hruw lq surgxfwlrq wr pdujlqdo xwlolw|
ri frqvxpswlrq1 Orj0olqhdulvlqj +59, iru vhfwru  krxvhkrogv |lhogv
R￿|  R| ' #+++￿| n #SS+| +5:,
zkhuh #++ 'E T+￿+￿+￿*T+￿ : f lv wkh hodvwlflw| ri wkh pdujlqdo glvxwlolw|
ri surgxfwlrq1 Jlyhq rxu surgxfwlrq ixqfwlrq/ l1h1/ t| ' kuj
| /v l p s o h
dojheud vkrzv wkdw #++ 'E #,,*j n @1 Vxevwlwxwlqj +6, lq +5:, jlyhv







#,, n j#SS n j
j n w E  jnw#,,

+| ' +| +5;,
zklfk lv wkh rswlpdo sulflqj uxoh iru wkh shuihfwo|  h{leoh zdjh2sulfh
prgho1 Shuiruplqj wkhq vwhs wkuhh/ wkdw lv frqvlghulqj +5;, xqghu vwdj0
jhulqj/ vkrzv rxu prgho wr eh htxlydohqw wr Urwhpehuj dqg Zrrgirug
+4<<:, +vhh wkhlu irupxod iru V dw s1649,144
Rxu prgho lv dovr d jhqhudolvdwlrq ri wkh Eodqfkdug dqg Ilvfkhu
+4<;<,/ Fkdswhu ;/ prgho/ zkrvh vshflfdwlrq ri suhihuhqfhv lpsolhv d
}hur lqfrph hhfw rq oderxu vxsso| +l1h1/ #SS 'f ,1 Wkhq
















zklfk lv htxlydohqw wr htxdwlrq +<, ri Eodqfkdug dqg Ilvfkhu +4<;<,/ s1
6;8145
44Djdlq zh vwuhvv wkdw wklv fodlp lv vxemhfw wr wkh fdyhdwv ri irrwqrwh 431 Krzhyhu/ lq
rughu wr pdwfk wkh gdwd/ wkh Urwhpehuj dqg Zrrgirug +4<<:, prgho vkrxog jhqhudwh
vrph hqgrjhqrxv shuvlvwhqfh1 Dv idu dv shuvlvwhqfh lv frqfhuqhg/ wkh nh| sdudphwhu
lq wkhlu prgho lv ￿ +vhh s1 649,/ zklfk h{dfwo| fruuhvsrqgv wr rxu irupxod iru ￿ li rqh
devwudfwv iurp wkh whupv gxh wr wkh sduwlfxodu gh￿qlwlrq ri wkh vwdjjhuhg yduldeoh dqg
wr wkh Fdoyr0w|sh vwuxfwxuh +uhvshfwlyho| +40￿,2￿ dqg +40￿￿, lq wkhlu qrwdwlrq rq s1
649,1














l 1 Khqfh/ wkh hodvwlflw| ri wkh pdujlqdo glvxwlolw| ri sur0
gxfwlrq lv jlyhq e| +￿ ￿ 4,1 Uhsodflqj ￿|| e| +￿ ￿4,> htxdwlrq +5<, h{dfwo| pdwfkhv
wkhluv1
45616 Vwdjjhuhg Zdjhv dqg Shuihfw Oderxu Prelolw|=
wkh dg krf prghov
Wkh frpelqdwlrq ri zdjh vwdjjhulqj dqg shuihfw oderxu prelolw| lv xq0
xvxdo lq plfurirxqghg prghov1 Wkh uhdvrq lv yhu| vlpsoh= wkhuh duh qr
frqylqflqj plfurirxqgdwlrqv iru wklv fdvh1 Lqghhg/ li zdjhv duh vwdj0
jhuhg lw phdqv wkdw vrphrqh pxvw kdyh wkh srzhu wr vhw wkhp1 Wkdw
lv/ vwdjjhuhg zdjhv vkrxog jr wrjhwkhu zlwk prqrsro| xqlrqv zklfk vhw
wkh zdjhv1 Wkh xqlrqv pxvw wkhuhiruh hqmr| pdunhw srzhu dqg wkhuh
fdqqrw eh shuihfw oderxu prelolw| ru d frpshwlwlyh oderxu pdunhw1 Krz0
hyhu/ wklv fdvh lv ri lqwhuhvw wr looxvwudwh wkh glhuhqfh ehwzhhq sulfh dqg
zdjh vwdjjhulqj1 Ixuwkhupruh/ wklv lv wkh vr0fdoohg h{shfwhg0pdunhw
fohdulqj0fdvh hpsor|hg e| wkh dg krf olwhudwxuh ri wkh :3*v dqg ;3*v
rq vwdjjhuhg zdjh prghov +h1j1/ Jud| +4<:9,/ Ilvfkhu +4<::, dqg Wd|0
oru +4<:<,,1 Jud|*v +4<:9,/ Ilvfkhu*v +4<::, ru Wd|oru*v +4<:<, w|shv ri
qrplqdoo| uljlg oderxu frqwudfw duh vhw lq rughu wr dfklhyh dq dg krf
wdujhw zdjh ohyho/ zklfk lv wkh rqh wkdw fohduv wkh oderxu pdunhw clq h{0
shfwdwlrq*146 Lq whupv ri rxu plfurirxqghg shuihfwo|  h{leoh zdjh2sulfh
prgho/ wklv dvvxpswlrq lpsolhv wkdw wkh zrunirufh lq hdfk up lv htxdoo|
glylghg ehwzhhq wkh wzr jurxsv ri zrunhuv1 Wkhq wkh uhihuhqfh zdjh iru
doo wkh upv lq hdfk shulrg lv htxdo wr ￿| ' ￿| 'E  *2E￿| n (|1
Pruhryhu/ doo wkh upv zrxog fkdujh wkh vdph sulfh dqg surgxfh wkh
vdph ohyho ri rxwsxw1 Khqfh/ wkh rqh0shulrg qrplqdo zdjh frqwudfw zloo
vlpso| eh













h E+| n +|n￿ 1+ 6 4 ,
Wkh djjuhjdwh sulfh ohyho lv jlyhq e|
R| ' R￿| ' R￿| '

2
E%|3￿ n %|n@+| 1+ 6 5 ,
46Wkhuhiruh/ wkh dvvxpswlrq wkdw hpsor|phqw lv dozd|v rq wkh oderxu ghpdqg fxuyh
lv lqfrqvlvwhqw zlwk rswlplvdwlrq1 Wklv lv qrw wuxh lq prqrsro| xqlrq prghov1 Wkhuh/
wkh zdjh lv deryh wkh frpshwlwlyh zdjh/ dqg h{ srvw lw lv rswlpdo iru wkh krxvhkrog0
xqlrq wr vdwlvi| dq xqh{shfwhg lqfuhdvh lq oderxu ghpdqg1
46Wkh uhgxfhg irup ri wkh prgho fruuhvsrqgv wr wkh rqh lq vhfwlrq 5
zlwk  ' h  dqg  ' @ ' ￿3j
















-￿ ' jh  n j ' #,, n j#SS n j 1+ 6 6 ,
Wklv prgho dovr fruuhvsrqgv wr wkh dg krf vwdjjhuhg zdjh prgho
lq Dqghuvhq +4<<;d, zkhq h  'flv lpsrvhg1 Wklv uhvwulfwlrq lv dw wkh
urrw ri Dqghuvhq*v +4<<;d, uhvxow wkdw zdjh vwdjjhulqj prghov duh srwhq0
wldoo| deoh wr gholyhu shuvlvwhqfh zkloh sulfh vwdjjhulqj prghov duh qrw1
Wkh lqwxlwlrq surylghg e| Dqghuvhq +4<<;d, vwdwhv wkdw wkh dgmxvwphqw
exughq lq zdjh vwdjjhulqj prghov lv eruqh e| sulfhv/ zkloh zdjhv gr qrw
uhdfw wr h{fhvv ghpdqg frqglwlrqv1 Zkloh wklv lv fruuhfw dv d ghvfuls0
wlrq ri wkh lpsdfw hhfw ri d prqh| vkrfn zkhq zdjhv duh suhvhw +l1h1/
 dw oderxu vxsso| fxuyh,/ wkh dujxphqw fdqqrw eh dxwrpdwlfdoo| wudqv0
ihuuhg wr wkh g|qdplf prgho1 Lq rwkhu zrugv/ zkhq zrunhuv uhqhjrwldwh
d qhz zdjh wkh| zloo wdnh lqwr dffrxqw wkh h{shfwhg +oderxu, ghpdqg
frqglwlrqv +khqfh h  vkrxog eh glhuhqw iurp 3,1
617 Vwdjjhuhg Zdjhv dqg Qr Prelolw| ri Oderxu=
Dvfdul +4<<:,
Khuh/ krxvhkrogv ri jurxs  rqo| zrun iru upv lq vhfwru  zkloh krxvh0
krogv ri jurxs ( zrun iru upv lq vhfwru 1 Wkhq/ dv lq wkh |hrpdq0







h E+| n +|n￿ +67,





1 Wkh prgho lv wkhq dqdo|wlfdoo| htxlydohqw
wr wkh suhylrxv rqh/ dqg wkh vroxwlrq mxvw ghshqgv rq
-e 'njEh    '
dj n wE  jod#,, n j#SS n jo
j n wE  jnw#,,
1+ 6 8 ,
47h  f d qe hz u l w w h qd v
h  '

#,, n #SSEj n wE  j








zklfk fruuhvsrqgv wr wkh h{suhvvlrq iru } lq Dvfdul +4<<:,1
618 Vwdjjhuhg Zdjhv dqg Fudiw Xqlrqv= Eodqfkdug
dqg Nl|rwdnl +4<;:, dqg Hufhj +4<<:,
Dqrwkhu k|srwkhvlv xvhg yhu| zlgho| wr ghslfw wkh oderxu pdunhw lq pl0
furirxqghg prghov lv wkdw ri Eodqfkdug dqg Nl|rwdnl +4<;:,1 Wklv k|0
srwkhvlv kdv ehhq hpsor|hg uhfhqwo| lq zrunv irfxvlqj rq wkh shuvlvwhqfh
lvvxh +h1j1/ Nlp +4<<9,/ Hufhj +4<<:,,1 Wkh oderxu pdunhw lv dvvxphg
wr eh frpsrvhg ri d odujh qxpehu ri krxvhkrogv wkdw vxsso| glhuhqwl0
dwhg oderxu lqsxwv1 Ilupv uhjdug hdfk krxvhkrog*v oderxu vhuylfhv dv dq
lpshuihfw vxevwlwxwh iru wkh oderxu vhuylfhv ri rwkhu krxvhkrogv1 Wkhq/
krxvhkrogv zkr surylgh d sduwlfxodu oderxu vhuylfh jurxs wrjhwkhu dv d
xqlrq/ dqg dfw dv zdjh0vhwwhuv lq wkh oderxu pdunhw1 Wklv oderxu pdunhw
vwuxfwxuh lv vrphwlphv fdoohg d fudiw xqlrq vwuxfwxuh/ zkloh wkh rqh
suhvhqwhg lq wkh suhylrxv vhfwlrqv lv dq lqgxvwuldo xqlrq vwuxfwxuh +vhh
h1j1/ Gl{rq dqg Udqnlq +4<<7,,1 Lqghhg/ lq wkh uvw fdvh xqlrqv duh ru0
j d q l v h ge |o d e r x uv n l o o v /z k l o hl qw k hv h f r q gx q l r q vd u hf k d u d f w h u l v h gd v
vshflf wr wkh lqgxvwu| wr zklfk lwv phpehuv vxsso| oderxu1 Qrwh ixuwkhu
w k d we r w kf d v h vl p s o |dg l  h u h q wn l q gr io d e r x ul p p r e l o l w | 1L qd f u d i w 
xqlrq oderxu pdunhw vwuxfwxuh oderxu fdqqrw pryh dfurvv vnloov/ zkloh lq
d lqgxvwuldo xqlrq oderxu pdunhw vwuxfwxuh zrunhuv fdqqrw pryh dfurvv
lqgxvwulhv1
Zlwk uhvshfw wr wkh shuihfwo|  h{leoh zdjh2sulfh prgho ri vhfwlrq











zkhuh  lv wkh hodvwlflw| ri whfkqlfdo vxevwlwxwlrq ehwzhhq glhuhqw w|shv
ri oderxu lqsxwv1 Wklv surgxfwlrq ixqfwlrq |lhogv wkh iroorzlqj frqvwdqw

















lv wkh zdjh lqgh{ +zklfk h{dfwo| sdudoohov
wkh vwdqgdug Gl{lw0Vwljolw} sulfh lqgh{ iru glhuhqwldwhg jrrgv,1 Vlqfh
doo wkh upv idfh wkh vdph zdjh lqgh{/ wkh| zloo surgxfh wkh vdph ohyho
ri rxwsxw1 Zh fdq djjuhjdwh dfurvv upv dqg wkhq orj0olqhdulvh +6;, wr
r e w d l qw k ho d e r x ug h p d q gi r uo d e r x uw | s h lq wkh zkroh hfrqrp| +lq
orj0ghyldwlrqv,
,￿| ' E|  ￿|n

j
+| 1+ 6 < ,
Zlwklq hdfk frkruw ri krxvhkrogv/ d v|pphwulf htxloleulxp krogv/
wkdw lv wkh| zloo { wkh vdph zdjh1 Khqfh/ wkh plvvlqj htxdwlrqv wr forvh
wkh shuihfwo|  h{leoh zdjh2sulfh prgho duh












E￿| n (| 1+ 7 5 ,
Htxdwlrq +73, pdwfkhv htxdwlrq +63, lq Hufhj +4<<:,1
Vxevwlwxwlqj +73, dqg +74, uhvshfwlyho| lqwr +8, dqg +9,/ zh jhw wkh



























47Qrwh wkdw/ xqvxusulvlqjo|/ +76, dqg +77, lpphgldwho| lpso| wkdw lq wkh vwdwlf
prgho wkh wzr jurxsv ri krxvhkrogv vhw wkh vdph zdjh/ wkdw lv/ d v|pphwulf htxlole0
ulxp krogv1 Wklv lv reylrxvo| qrw wkh fdvh lq wkh zdjh vwdjjhulqj prgho ehfdxvh wkh
wzr frkruwv ri krxvhkrogv vhw wkh zdjh lq gl￿huhqw shulrgv1
49Ehiruh vwdjjhulqj wkhvh wzr htxdwlrqv/ lw lv frqyhqlhqw wr vxevwlwxwh iru



































Q r z /x v l q jw k h v hw z ri r u p x o d vw rg h u l y hw k hv w d j j h u h gz d j hp r g h o /
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 Wkh prgho djdlq fruuhvsrqgv wr wkh rqh
lq vhfwlrq 5 zlwk  ' h  dqg  ' @ dqg wkh vroxwlrq khqfh lv
-D 'njEh    '
#,, n j#SS n j
n#,,
1+ 8 3 ,
Iluvw/ dv Hufhj +4<<:, qrwhg/ wkh jurxs ri krxvhkrogv dgmxvwlqj lwv
zdjh xszdug iroorzlqj d srvlwlyh prqh| vkrfn uhdolvhv wkdw lw zloo h{sh0
ulhqfh vrph uhgxfwlrq lq uhodwlyh ghpdqg iru lwv oderxu vnloo/ dffruglqj
4:wr wkh hodvwlflw|  Wklv zloo pdnh lw fkrrvh d orzhu qrplqdo zdjh lq0
fuhdvh1 Wkh lqwxlwlrq lv frquphg e| wkh iroorzlqj htxdwlrq/ rewdlqhg e|









j n #SS n @
n#,,

E+| n +|n￿ 1+ 8 4 ,
Wklv lv wkh htxlydohqw ri htxdwlrq +64, lq Hufhj +4<<:,1 Dv  $4wkh
frh!flhqw rq wkh djjuhjdwh ghpdqg whup whqgv wr }hur dqg shuvlvwhqfh
whqgv wr d xqlw urrw1 Lq wklv fdvh/ wkh hodvwlflw| ri vxvwlwxwlrq ehwzhhq
oderxu w|shv lv vr kljk wkdw zdjhv zrxog qrw fkdqjh dw doo +qrwh wkdw
 $ @ lq +7<, dqg -D $ f,1
Vhfrqg/ li  'fzh duh edfn wr wkh h{shfwhg0pdunhwfohdulqj0
fdvh ri vhfwlrq 6161 Wklv h{solflwo| ghprqvwudwhv zk| wkh h{shfwhg0
pdunhwfohdulqj0fdvh fdqqrw eh vxssruwhg e| dq| vhqvleoh plfurirxq0
gdwlrqv1 Lq idfw/ d qhfhvvdu| frqglwlrq iru dq lqwhulru vroxwlrq ri wkh
fudiw xqlrq prgho lv : Li  'fwkhq wkh prqrsro| xqlrq zrxog
idfh d ghpdqg fxuyh zlwk }hur hodvwlflw| dqg zrxog { dq lqqlwh zdjh1
Li zh xvh wkh Eodqfkdug dqg Nl|rwdnl +4<;:, oderxu pdunhw iudph0
zrun wr ghulyh lpsolfdwlrqv iru shuvlvwhqfh lq wkh sulfh vwdjjhulqj prgho/
zh duh reylrxvo| edfn wr wkh fdvh lq vhfwlrq 6141 Lq idfw/ li doo krxvhkrogv
uhvhw wkhlu zdjhv lq hdfk shulrg wkhq d v|pphwulf htxloleulxp krogv dqg
doo zloo fkrrvh wkh vdph zdjh1 Zdjhv zloo eh htxdolvhg dfurvv glhuhqw
fudiwv1 Dqdo|wlfdoo|/ lw lv olnh kdylqj mxvw rqh w|sh ri oderxu dqg wkh
sdudphwhu  ehfrphv luuhohydqw iru wkh g|qdplfv ri wkh prgho1 Wkh rs0
wlpdo zdjh uxoh lq wkh shuihfwo|  h{leoh zdjh2sulfh prgho zloo vlpso| eh






+| dv lq +4:,1 Zh jhw wkh vdph uhgxfhg
irup prgho dv lq vhfwlrq 6141
619 Oltxlglw| Frqvwudlqwv
Vr idu zh kdyh dvvxphg wkh h{lvwhqfh ri frpsohwh pdunhwv/ zklfk lp0
solhv wkdw krxvhkrogv dozd|v frqvxph kdoi ri djjuhjdwh uhdo rxwsxw1 Lq
wklv vhfwlrq zh pdnh wkh rwkhu h{wuhph dvvxpswlrq lqvwhdg= zrunhuv duh
4;frpsohwho| oltxlglw| frqvwudlqhg1 Wklv dvvxpswlrq dfwxdoo| rqo| pdw0
whuv lq wkh lqgxvwuldo xqlrq 0 qr oderxu prelolw| fdvhv1 Wkhq/ wkh
oltxlglw| frqvwudlqw k|srwkhvlv zrxog lpso| wkdw krxvhkrogv frqvxph dq
dprxqw htxdo wr wkh rxwsxw ri wkh vhfwru wr zklfk wkh| vxsso| oderxu
+l1h1/ S￿| ' +￿| / S(| ' +￿|,148
Lq wkh |hrpdq iduphu prgho wkh pdujlqdo hruw frvw lq surgxfwlrq
fkdqjhv dqg htxdwlrq +57, ehfrphv






zkloh wkh uhvw ri wkh prgho vwd|v wkh vdph1 Wkxv/ uhshdwlqj vwhsv rqh wr
wkuhh/ lw |lhogv
-S '  '

@ n 
nE @ n w

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#,, n j#SS n j
j n w E  jnw#,, n wj#SS
 +86,
Vlploduo|/ lq wkh zdjh vwdjjhulqj fdvh zh kdyh
-. '
dj n wE  jod#,, n j#SS n jo
j n w E  jnw#,, n wj#SS
 +87,
7 Zdjh2Sulfh Vwdjjhulqj dqg Shuvlvwhqfh
Zh glylgh wklv vhfwlrq lqwr wkuhh sduwv1 Lq 714 zh olvw vrph dqdo|wlfdo
uhvxowv iru wkh hhfwv ri wkh glhuhqw sdudphwhuv rq wkh ghjuhh ri shuvlv0
whqfh lq wkh ydulrxv prghov1 Lq 715 zh txdqwlwdwlyho| dvvhvv wkh fdsdelolw|
ri wkh glhuhqw prghov wr jhqhudwh shuvlvwhqfh1 Lq 716 zh glvfxvv wkh lq0
whusuhwdwlrq ri wkh uhvxowv lq 7141 dqg 7151
714 Dqdo|wlfdo Uhvxowv






-￿c- ￿ lv vx!flhqw wr ghvfuleh wkh
shuvlvwhqfh surshuwlhv ri wkh prghov +wkh kljkhu -￿c wkh orzhu shuvlv0
whqfh,1 Wdeoh 4 uhsruwv wkh glhuhqw vroxwlrqv gholyhuhg e| wkh prghov
48D ixuwkhu dvvxpswlrq lv dfwxdoo| qhhghg= krxvhkrogv rqo| uhfhlyh sur￿wv iurp
￿upv lq wkhlu rzq vhfwru1
4<Sulfh Vwdjjhulqj Zdjh Vwdjjhulqj
Shuihfw oderxu prelolw| U￿ @
#,,nj#SSn￿3j
jnw E￿3j￿ U￿ @ ,, . SS .4 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Wdeoh 4= Shuvlvwhqfh Surshuwlhv ri wkh Glhuhqw Prghov
Sursrvlwlrq 41 Orrn dw Wdeoh 4 e| urzv1 Lq doo fdvhv exw wkh odvw
rqh/ iru d sduwlfxodu prgho ri sulfh vwdjjhulqj -￿r 'd j n wE  jo-Rr/
wkdw lv/ wkh fruuhvsrqglqj prgho ri zdjh vwdjjhulqj h{klelwv d ydoxh ri -
zklfk lv djnwEjo wlphv kljkhu wkdq wkh fruuhvsrqglqj sulfh vwdjjhulqj
prgho1 Jlyhq wkdw f 	j  dqg w:c zdjh vwdjjhulqj prghov dozd|v
gholyhu orzhu + ru dw prvw htxdo , rxwsxw shuvlvwhqfh wkdq sulfh vwdjjhulqj




Sursrvlwlrq 51 Orrn dw Wdeoh 4 e| froxpqv1
+l, Zkdwhyhu wkh vwdjjhuhg qrplqdo yduldeoh/ sulfhv ru zdjhv/ shu0
vlvwhqfh lv orzhvw li wkhuh lv shuihfw oderxu prelolw|1 Wkdw lv/ frqvwudlqwv
rq oderxu prelolw| +erwk lqgxvwuldo dqg fudiw xqlrq fdvhv, whqg wr
lqfuhdvh shuvlvwhqfh1
+ll, Oltxlglw| frqvwudlqwv whqg wr lqfuhdvh shuvlvwhqfh1 Lqghhg/ prg0
hov zlwk oltxlglw| frqvwudlqwv h{klelw d orzhu ydoxh ri - frpsduhg wr wkh
vdph prghov zlwkrxw vxfk frqvwudlqwv1
53Dgglwlrqdo uhvxowv
+4, Hhfw ri #,,
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Y#,,












I njE#SS   
Wkh hhfw ri #,, lv dq lqwhuhvwlqj dqg gholfdwh lvvxh/ dv zh nqrz
iurp wkh h{lvwlqj olwhudwxuh1 Vlpsoh lqwxlwlrq vxjjhvwv wkdw % #,, ',%
',%- ',&Reorr|e?Se dv irxqg e| Eodqfkdug dqg Ilvfkhu +4<;<,
dqg Fkdul hw do1 +4<<9,1 Wkxv wkh| frqfoxgh wkdw d orz ydoxh ri #,,
+l1h1/ d kljk lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq lq oderxu vxsso|,
lv qhfhvvdu| wr jhqhudwh shuvlvwhqfh1 Khuh zh vkrz wkdw/ ghshqglqj rq
wkh sduwlfxodu vhw xs ri wkh prgho/ wkh lqwxlwlrq pd| ru pd| qrw krog1
Lq sduwlfxodu/ +l, lw krogv iru prghov zlwk shuihfw oderxu prelolw|> +ll,
lw lv qrw olnho| wr krog iru vwdqgdug fdoleudwlrq ydoxhv lq wkh qr0oderxu
prelolw| fdvhv +erwk lq lqgxvwuldo dqg lq fudiw xqlrq prghov,> +lll, lw
krogv djdlq zkhq oltxlglw| frqvwudlqwv duh dgghg wr wkhvh prghov1 Qrwh
wkdw lw lv wkh xqghuo|lqj hfrqrplf vwuxfwxuh fkrvhq dqg qrw wkh glhuhqfh
ehwzhhq sulfh dqg zdjh vwdjjhulqj wkdw pdwwhuv149
+5, Hhfw ri #SS
Y-￿
Y#SS
: f iru doo wkh prghov1
49Qrwh wkdw Eodqfkdug dqg Ilvfkhu +4<;<, lq d |hrpdq iduphu prgho kdyh wkh
vdph frqfoxvlrq zlwk uhvshfw wr wkh h￿hfw ri ￿oo dv Fkdul hw do1 +4<<9, lq wkhlu sulfh
vwdjjhulqj prgho zlwk iuhh prelolw| ri oderxu1 Wklv lv ehfdxvh Eodqfkdug dqg Ilvfkhu
+4<;<, xvh d sduwlfxodu xwlolw| ixqfwlrq zlwk }hur lqfrph h￿hfwv rq oderxu vxsso| +l1h1/
4@￿ A ￿ff @3 ,1
54Wklv vxjjhvwv wkdw d vshflfdwlrq ri suhihuhqfhv zlwk d kljk lq0
whuwhpsrudo hodvwlflw| ri vxevwlwxwlrq lq frqvxpswlrq +orz lqfrph hhfw
rq oderxu vxsso|, lv d surplvlqj urxwh wr jhqhudwlqj rxwsxw shuvlvwhqfh/
dv douhdg| vxjjhvwhg e| Fkdul hw do1 +4<<9, ru lq Dvfdul +4<<:,1 Krzhyhu/
wkh olnho| pdjqlwxgh ri wkhvh ghulydwlyhv fkdqjhv iurp prgho wr prgh/o
ehlqj sduwlfxoduo| orz iru oltxlglw| frqvwudlqw prghov1
+6, Hhfw ri j4:
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Vlpsoh lqwxlwlrq zrxog vxjjhvw wkdw j 'lv wkh pd{lpxp ghjuhh
ri qrplqdo uljlglw| +l1h1/  dw pdujlqdo frvw fxuyh, dqg vr wklv fdvh zrxog
gholyhu wkh pd{lpxp ghjuhh ri shuvlvwhqfh1 Rq wkh frqwudu|/ lq vwdjjhuhg
sulfh prghov/ shuvlvwhqfh lv ghfuhdvlqj lq j i r uu h d o l v w l fs d u d p h w h uy d o x h v 1
Lw lv pruh gl!fxow wr uhdfk dq| ghqlwh frqfoxvlrq iru vwdjjhuhg zdjh
prghov14;
4:Wkh fdvhv iru U9 dqg U: duh qrw suhvhqwhg ehfdxvh wkh frqglwlrqv duh yhu| frp0
solfdwhg dqg phdqlqjohvv h{suhvvlrqv1
4;Krzhyhu/ ￿ff ￿ 4 lv d vx!flhqw/ exw qrw qhfhvvdu| frqglwlrq iru shuvlvwhqfh wr eh
lqfuhdvlqj lq ￿ iru fdvh 71 Wkh ryhudoo frqglwlrq iru CU7@C￿ wr eh qhjdwlyh lv
CU7
C￿
? 3 / ￿ff ? 4.
￿￿oo+￿ ￿ 4,+￿oo . ￿￿ff .4￿ ￿,
^￿ . ￿+4 ￿ ￿,‘^￿ . ￿+4 ￿ ￿,.￿￿oo‘
zklfk/ vxevwlwxwlqj vwdqgdug fdoleudwlrq ydoxhv +vhh ehorz,/ lv yhu| olnho| wr eh vdwlv0
￿hg= 4 ? 44171
55+7, Hhfw ri w
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Dq lqfuhdvh lq w wkhuhiruh whqgv wr lqfuhdvh shuvlvwhqfh1 Vlploduo|/
lq wkh zdjh vwdjjhulqj 0 fudiw xqlrq prgho EY-D*Y 	 f
715 Txdqwlwdwlyh Uhvxowv
Lq wklv vhfwlrq zh zdqw wr dgguhvv wkh iroorzlqj txhvwlrq= duh dq| ri
wkhvh prghov olnho| wr gholyhu kljk shuvlvwhqfhB
Iluvw/ qrwh wkdw shuvlvwhqfh lv udslgo| ghfuhdvlqj lq -c iru orz ydoxhv
ri -1 Wkxv/ rqo| ydoxhv ri - yhu| forvh wr }hur fdq gholyhu vrph qrwdeoh
shuvlvwhqfh1 Iru h{dpsoh/ li zh txlwh duelwudulo| ghqh d vljqlfdqw ghjuhh
r is h u v l v w h q f hw re hdy d o x hr ib ri dw ohdvw 318/ wkhq - vkrxog qrw eh
kljkhu wkdq 31441
Jlyhq wkh fdoleudwlrq olwhudwxuh/ zh wdnh dv lqglfdwlyh ehqfkpdun
ydoxhv= j 'f S./ w 'S / #SS ' / #,, 'Ddqg  ' f 4< Iru rxu ehqfkpdun
fdvh/ wkh ydoxhv ri - dqg wkh lpsolhg ydoxhv iru shuvlvwhqfh lq wkh glhuhqw
prghov duh wkh iroorzlqj=
-￿ '2 2Se b￿ ' f2
-2 'f He b2 'f e
-￿ 'S b￿ ' fe2
-e 'f eH. be 'f H
-D 'f H bD 'f eb
4<Wklv odwwhu ydoxh lv wkh rqh xvhg e| Hufhj +4<<:,1 Pruhryhu/ ￿oo lv dfwxdoo| txlwh
gl!fxow wr wlh grzq dqg/ jlyhq Shqfdyho*v +4<;9, uhvxowv/ frxog udqjh iurp 4 wr lq￿qlw|1
56-S 'f Se bS 'f e2
-. 'f e b. 'f 2
Zkloh wkhuh duh vrph voljkw glhuhqfhv ehwzhhq sulfh vwdjjhulqj dqg
zdjh vwdjjhulqj prghov/ wkh fulwlfdo glhuhqfh dulvhv iurp wkh oderxu pr0
elolw| dvvxpswlrq1 Lq idfw/ prghov zlwk iuhh prelolw| ri oderxu duh olnho|
wr gholyhu d qhjdwlyh urrw iru rxwsxw shuvlvwhqfh1 Krzhyhu/ lq wkh lqgxv0
wuldo dqg fudiw xqlrq fdvhv wkhuh vhhpv wr eh d txdqwlwdwlyh glhuhqfh
ehwzhhq sulfh dqg zdjh vwdjjhulqj prghov +l1h1/ -2 yv1 -e dqg -￿ yv1 -D,1
Lq lqgxvwuldo xqlrq prghov sulfh vwdjjhulqj gholyhuv pruh shuvlvwhqfh/
zkloh lq fudiw xqlrq prghov zdjh vwdjjhulqj gholyhuv pruh shuvlvwhqfh1
Dv d frqfoxvlrq/ rqo| wzr fodvvhv ri prghov fdq gholyhu d vxevwdqwldo gh0
juhh ri shuvlvwhqfh= wkh |hrpdq iduphu prgho +l1h1/ sulfh vwdjjhulqj dqg
qr oderxu prelolw| dfurvv lqgxvwulhv dqg wkh prgho zlwk zdjh vwdjjhulqj
dqg qr oderxu prelolw| dfurvv vnloov +fudiw xqlrqv,1 Pruhryhu/ hyhq
li oltxlglw| frqvwudlqwv gr lqfuhdvh shuvlvwhqfh/ wkhlu txdqwlwdwlyh lpsru0
wdqfh vhhpv qhjoljleoh1
716 Wkh vrxufhv ri shuvlvwhqfh
Jlyhq rxu jhqhudo iudphzrun/ zh fdq ghwhfw krz wkh glhuhqw k|srwkhvlv
rq wkh vwuxfwxuh ri wkh prgho/ suhihuhqfhv dqg whfkqrorj| frpelqh lq
lqgxflqj shuvlvwhqfh1 Dv foduli|lqj h{dpsohv/ zh pd| dovr uhihu wr wkh
prghov lq wkh uhfhqw olwhudwxuh1 Wkh uhvxowv kljkoljkw wkh gulylqj irufhv
wkdw fdq pdnh d vwdjjhulqj prgho jhqhudwh shuvlvwhqfh1 Lq sduwlfxodu/
wkuhh pdlq srlqwv zloo eh wkh irfxv ri wkuhh iroorzlqj vhfwlrqv1
5771614 Grhv wkh lqwhuwhpsrudo hodvwlflw| ri oderxu vxsso| uhdoo|
pdwwhuvB
Zkloh wkh olwhudwxuh kdv vr idu hpskdvlvhg wkh lqwhuwhpsrudo hodvwlflw| ri
oderxu vxsso| dv wkh nh| sdudphwhu/ zh zloo vkrz wkdw irfxvlqj rqo| rq
wklv sdudphwhu pd| eh plvohdglqj1 Lqghhg/ zlwk uhvshfw wr wkh Fkdul hw
do1 +4<<9, prgho ri vwdjjhuhg sulfhv dqg shuihfw oderxu prelolw|/ rxu uh0
vxowv fdq h{sodlq zk| wkh| frqfoxgh wkdw d vwdjjhuhg sulfh prgho frxog
qhyhu gholyhu dq| qrwdeoh shuvlvwhqfh1 Lq wkhlu Vhfwlrq 7/ Fkdul hw do1
+4<<9, vkrz wkdw vhwwlqj j 'lq wkhlu vwdjjhuhg sulfh prgho/ wkh vhqvl0
wlylw| ri wkh uhdo zdjh wr rxwsxw lv= -￿ '  '  ' h  ' #,, . #SS1 Khqfh/
wkh| frqfoxgh wkdw vlqfh #,, vkrxog eh dw ohdvw 4/  N 1 Wkdw lv/ hyhq
dvvxplqj }hur lqfrph hhfwv/  lv wrr kljk wr jhqhudwh dq| shuvlvwhqfh
dw doo1 Fhqwudo wr wkh dujxphqw lv wkh idfw wkdw shuvlvwhqfh lv lqfuhdvlqj
+ lv ghfuhdvlqj, lq wkh lqwhuwhpsrudo hodvwlflw| ri oderxu vxsso|/ zklfk
lv eholhyhg wr eh yhu| orz153
Krzhyhu/ dv vwdwhg e| +4,/ wkh dujxphqw lv olnho| wr eh uhyhuvhg
iru prghov zlwk qr prelolw| ri oderxu1 Lqghhg/ wkh qr0oderxu0prelolw|
prghov uhdfk d plqlpxp iru - zkhq #,, whqgv wr lqqlw|/ zklfk jrhv
h{dfwo| djdlqvw wkh fulwlfv ri qrplqdo uljlglw| sursdjdwlrq phfkdqlvp
prghov1 Qhyhuwkhohvv/ lq frqwudvw zlwk zkdw kdv ehhq vxjjhvwhg vr idu e|
wkh olwhudwxuh/ lq wkh qr0oderxu0prelolw| prghov wkh ghjuhh ri shuvlvwhqfh
vhhpv h{wuhpho| lqvhqvlwlyh wr wkh ydoxh ri wkh lqwhuwhpsrudo hodvwlflw| ri
vxevwlwxwlrq ri oderxu vxsso|1 Frqvlghu mxvw sodxvleoh ydoxhv iru #,,= #,, 5
dc41W k h q /fhwhulv sdulexv/ lq wkh |hrpdq iduphu prgho -2 ydulhv iurp
53Lw lv zruwk qrwlqj wkdw/ vlqfh CU4@C￿ lv olnho| wr eh srvlwlyh dqg e| dvvxplqj
wkdw ￿ @4 / Fkdul hw do1 +4<<9, vhfwlrq rq clqwxlwlrq* dfwxdoo| suhvhqwv d fdvh eldvhg
djdlqvw shuvlvwhqfh +reylrxvo|/ rqo| zlwk uhjdug wr ￿,1 Lq rwkhu zrugv/ wkhlu ￿ lv
eldvhg xszdugv1 Qhyhuwkhohvv/ wkhlu pdlq dujxphqw lv ydolg vlqfh wkhlu prgho h{klelwv
vwdjjhuhg sulfhv dqg shuihfw oderxu prelolw|1
583156 wr 314:/ wkdw lv/ b2 5 dfDcfe2o/ lq wkh vwdjjhuhg zdjh 0 lqgxvwuldo
xqlrq prgho -e ydulhv iurp 3194 wr 3177/ wkdw lv/ be 5 df2cf2o dqg lq
wkh vwdjjhuhg zdjh 0 fudiw xqlrq prgho -D ydulhv iurp 314; wr 314/ wkdw
lv/ be 5 dfecfD2o1 Khqfh/ fhwhulv sdulexv +l1h1/ iru uhdolvwlf ydoxhv ri wkh
rwkhu sdudphwhuv ri wkh prgho,/ wkh lqwhuwhpsrudo hodvwlflw| ri oderxu
vxsso| lv ?J| d nh| sdudphwhu ri wkh prgho zlwk uhvshfw wr lwv delolw|
wr jhqhudwh shuvlvwhqfh1 Lq rwkhu zrugv/ #,, dorqh fdqqrw vxevwdqwldoo|
fkdqjh wkh shuvlvwhqfh surshuwlhv ri wkhvh prghov1
Udwkhu wkdq wdnlqj duelwudu| qxphulfdo h{dpsohv/ rxu iudphzrun
doorz xv wr looxvwudwh wklv srlqw zlwk dq xvhixo h{wuhph h{dpsoh iurp
wkh olwhudwxuh= wkh fdoleudwlrq ri Urwhpehuj dqg Zrrgirug +4<<:,1 Wkh
ehqfkpdun fdoleudwlrq ri wkhlu |hrpdq iduphu prgho lv wkh iroorzlqj=
#SS 'f S/ #++ 'f e./ j 'f .D dqg w '. HH/ zklfk gholyhuv d orz ydoxh
ri  'f e lq +5;,154 Krzhyhu/ wkh| vwuhvv wkdw wkhlu uhvxowv gr qrw uho|
rq kljk oderxu vxsso| hodvwlflw| +l1h1/ d orz ydoxh ri #++,1 Lqghhg/ orrn dw
wkh irupxod iru / l1h1/ +5;,1 Zlwk vxfk ydoxhv ri #SS dqg w/l i#++ 5 dfc4
wkhq  5 d#SS 'f Sc*w 'f o1 Wkdw lv/ wkh ydoxh ri #++ +dqg khqfh
ri #,, lv edvlfdoo| xqlpsruwdqw dv idu dv shuvlvwhqfh lv frqfhuqhg/ vlqfh 
grhv qrw fkdqjh yhu| pxfk +dowhuqdwlyho|/ yhu| pdujlqdo fkdqjhv lq wkh
ydoxh ri w fdq nhhs  'f e,1
Wklv h{dpsoh vkrzv qrw rqo| wkdw wkh ydoxh ri #,, f d qe hx q l p s r u 0
wdqw/ exw dovr wkdw lqvwhdg wkh lqwhuuhodwlrq ehwzhhq #,, dqg #SS lv lpsru0
54Wkh| dfnqrzohgjh wkh idfw wkdw vxfk d orz ydoxh ri ￿|| lv gl!fxow wr eholhyh vlqfh
wkh| dovr vxjjhvw lw lpsolhv dq lqwhuwhpsrudo vxevwlwxwlrq lq oderxu vxsso| ri <18 +l1h1/
￿oo @ 31438,1 Krzhyhu/ wkh| fdofxodwh ￿oo @ ￿+h ￿￿ ￿ff,/ xsrq zklfk wkh| fdoleudwh
￿oo @3 =:8+3=6 ￿ 3=49, @ 3=4381 Wkh irupxod iru ￿oo dv d ixqfwlrq ri h ￿/ krzhyhu/ lv
frqvlvwhqw zlwk d frpshwlwlyh oderxu pdunhw/ dv +4:, vkrzv1 Vlpsoh dojheud/ lqvwhdg/
vkrzv wkdw lq d |hrpdq iduphu prgho wkh frqvlvwhqw irupxod iru ￿oo dv d ixqfwlrq ri
h ￿ lv= ￿oo @ ￿+4 . ￿d,+￿ff ￿ h ￿,@+￿h ￿ ￿ 4,> zklfk jlyhq wkhlu sdudphwhu ydoxhv |lhogv d
qhjdwlyh +B, ￿oo1
59wdqw1 Iru h{dpsoh/ lq wkh frqvwdqw uhwxuqv wr oderxu fdvh/ dv vkrzq lq
Fkdul hw do1 +4<<9, dqg lq Dvfdul +4<<:,/ sduwlfxodu +dqg shfxoldu, dv0
vxpswlrqv rq wkh irup ri wkh xwlolw| ixqfwlrq frxog pdnh doo wkh prghov
gholyhu yhu| kljk shuvlvwhqfh1 Vshflfdoo|/ d kljk lqwhuwhpsrudo hodvwlflw|
ri oderxu vxsso| +l1h1/ #,, $ f, dqg ri frqvxpswlrq +l1h1/ #SS $ f,p d n h
-￿ $ f dqg b￿ $  i r ud o ow k hp r g h o v 1
Lq frqfoxvlrq/ wkrxjk wkh olwhudwxuh vxjjhvwv wkdw hyhu|wklqj uhvwv
rq wkh ydoxh ri wkh lqwhuwhpsrudo vxevwlwxwlrq lq oderxu vxsso|/ wkh deryh
uhvxowv vkrz wkdw wr irfxv rqo| rq wklv sdudphwhu fdq eh plvohdglqj1
Lq prghov zlwk vwdjjhulqj dqg oderxu prelolw|/ shuvlvwhqfh lv ghfuhdv0
lqj zlwk #,,/ zkloh wkh frqwudu| lv wuxh iru prghov zlwk vwdjjhulqj dqg
qr0oderxu0prelolw|1 Krzhyhu/ wklv lv qrw wkh uhdvrq zk| wkh uvw fodvv
ri prghov fdqqrw gholyhu dq| shuvlvwhqfh/ zkloh wkh vhfrqg fodvv fdq1
Fkdqjhv lq #,, dorqh gr qrw vxevwdqwldoo| fkdqjh wkh fdsdelolw| ri wkh
prghov wr jhqhudwh shuvlvwhqfh155
71615 Duh wkh g|qdplf lpsolfdwlrqv ri sulfh yv1 zdjh vwdjjhu0
lqj dq| glhuhqwB
Wr looxvwudwh wkh glhuhqfh ehwzhhq sulfh dqg zdjh vwdjjhulqj/ ohw xv
frqvlghu wkh uvw wkuhh prgho vwuxfwxuhv lq Wdeoh 41 Orrnlqj dw wkhp e|
urzv/ zh vdz wkdw/ jlyhq d sduwlfxodu prgho vwuxfwxuh/ -￿r 'd j n wE 
jo-Rr/ dqg wklv lpsolhv -￿r  -Rr1 Wr xqghuvwdqg zk|/ zh qhhg wr jr
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55Lqghhg/ lq wkh Fkdul hw do1 +4<<9, fdvh zh frxog kdyh dovr zulwwhq= vlqfh U4 @
￿ @ h ￿ @ ￿oo . ￿ff dqg ￿ff lv durxqg 4/ wkhq ￿ ￿ 4> wkdw lv/ hyhq dvvxplqj lq￿qlwh




E%|3￿ n %|n+| +89,
+| ' 6|  R| +8:,














-1  lv wkh hodvwlflw|
ri wkh vwdjjhuhg yduldeoh zlwk uhvshfw wr djjuhjdwh rxwsxw1 Lq zdjh
vwdjjhulqj prghov  ' h  dqg  ' @ ' ￿3j
j ( lq sulfh vwdjjhulqj prghov
 '  '
h ￿n@
￿n@w dqg  'f  Lw lv hdvlo| fkhfnhg wkdw wkhvh wzr glhuhqfhv
ghwhuplqh -￿r 'd j n wE  jo-Rr Ixuwkhupruh/ li j 'wkhq wulyldoo|
 ' h  '  /  ' @ 'fdqg -￿r ' -Rr Zkhq j	/ uhwxuqv wr oderxu duh
ghfuhdvlqj dqg/ jlyhq rxu surgxfwlrq ixqfwlrq/ wkh pdujlqdo frvw fxuyh
vorshv xszdugv1 Wkxv/ iru d jlyhq zdjh ohyho/ wkh sulfh kdv wr lqfuhdvh
zlwk surgxfwlrq/ dv vkrzq e| +4,1 Qrwh wkdw
R￿| ' ￿| n @+￿| ' ￿| n @dwER|  R￿|n+|o
Wkh fuxfldo whup lv @+￿|1I r udj l y h qz d j h / wkh pdujlqdo frvw lqfuhdvhv
zlwk surgxfwlrq dqg vr grhv wkh sulfh1 Krzhyhu/ wklv fdxvhv dq lqfuhdvh
lq wkh uhodwlyh sulfh iru wkh sulfh uhvhwwlqj up dqg wkxv d orvv lq ghpdqg
zklfk frxqwhudfwv wkh ulvh lq pdujlqdo frvwv1 Lq sulfh vwdjjhulqj prghov
wklv hhfw lv gluhfwo| hpehgghg lq wkh g|qdplf uxoh iru wkh vwdjjhuhg
yduldeoh +l1h1/  '  '
h ￿n@
￿n@w dqg  'f ,1 Lq zdjh vwdjjhulqj prghov wklv
hhfw zrunv rqo| wkurxjk wkh djjuhjdwh uhodwlrq +89, dqg lv qrw lq wkh
g|qdplf uxoh iru wkh vwdjjhuhg yduldeoh +l1h1/  ' h  dqg  ' @ ' ￿3j
j ,1
Iru h{dpsoh/ iru wkh shuihfw oderxu prelolw| fdvh/ lq erwk sulfh dqg zdjh
vwdjjhulqj prghov doo wkh upv idfh wkh vdph zdjh1 Khqfh/ lq wkh zdjh
vwdjjhulqj prgho wkh zdjh uhvhwwlqj krxvhkrogv duh rqo| lqwhuhvwhg lq
wkh djjuhjdwh hhfw +wkxv w grhv qrw sod| dq| uroh,1 Wkh sulfh vwdjjhulqj
prgho zrxog gholyhu wkh vdph uhvxow li wkh pdujlqdo frvw fxuyh lv  dw
+l1h1/ frqvwdqw uhwxuqv wr oderxu,/ vlqfh wkhq wkh rswlpdo sulfh zrxog mxvw
ghshqg rq wkh zdjh1 Lq frqwudvw/ zkhqhyhu wkhuh duh ghfuhdvlqj uhwxuqv/
5;sulfh uhvhwwlqj upv vkrxog dovr orrn dw wkh txdqwlw| wr eh surgxfhg/
jlyhq wkh zdjh1 Khqfh/ wkh rswlpdo sulfh ghshqgv rq ghpdqg dqg wkh
uhodwlyh sulfh hhfw lqfuhdvhv vwlfnlqhvv156 Wklv h{sodlq zk|/ dv vkrzq e|
+6,/ shuvlvwhqfh lv ghfuhdvlqj lq j iru uhdolvwlf ydoxhv ri wkh sdudphwhuv lq
vwdjjhuhg sulfh prghov +l1h1/ wkh orzhu lv j wkh vwhhshu lv pdujlqdo frvw,1
Wr vxp xs/ li wkhuh duh frqvwdqw uhwxuqv wkhq sulfh dqg zdjh vwdj0
jhulqj prghov gholyhu wkh vdph dprxqw ri shuvlvwhqfh157 Zkhq wkh pdu0
jlqdo frvw fxuyh lv xszdug vorslqj lqvwhdg/ -￿r 'd j n wE  jo-Rr dqg
wkxv sulfh vwdjjhulqj gholyhuv d kljkhu ghjuhh ri shuvlvwhqfh wkdq zdjh
vwdjjhulqj158
71616 Hodvwlflw| ri ghpdqg dqg idfwru prelolw|
Pruh jhqhudoo|/ wkh glhuhqfh lq wkh fdsdelolw| ri wkh prghov wr jhqhudwh
shuvlvwhqfh lv jlyhq e| wkh vwuxfwxuh ri wkh prgho1 Lq sduwlfxodu/ wkhuh duh
wzr yhu| uhodwhg lvvxhv= +l, wkh hodvwlflw| ri ghpdqg> +ll, wkh frqvwudlqw
rq idfwru prelolw|1
Iluvw/ wkh hodvwlflwlhv ri ghpdqg +ri frqvxpswlrq jrrgv dqg oderxu,
duh wkh nh| sdudphwhuv lq doo wkh vwdjjhulqj prghov1 Wkh lqwxlwlrq lv
vwudljkwiruzdug1 Iroorzlqj d prqh| vkrfn/ hqgrjhqrxv qrplqdo vwlfnl0
qhvv dulvhv li sulfh +zdjh,0vhwwlqj djhqwv fkrrvh qrw wr fkdqjh wkhlu sulfhv
56Wklv grhv qrw phdq wkdw wkh uhodwlyh sulfh h￿hfw grhv qrw sod| dq| uroh lq doo wkh
zdjh vwdjjhulqj prghov1 Iru h{dpsoh/ lq wkh ￿lqgxvwuldo￿ xqlrq fdvh wkh uhodwlyh sulfh
h￿hfw ghwhuplqhv oDw wkurxjk |Dw> dqg khqfh zDw> dv +57, vkrzv1
57D fdvh dsduw lv ￿fudiw￿ xqlrqv/ zkhuh wkh h￿hfw ri vxevwlwxwdelolw| ehwzhhq vnloov
grhv qrw sod| dq| uroh lq wkh g|qdplfv ri wkh sulfh vwdjjhulqj prgho1
58Wklv zrxog vxjjhvw wkdw li iuhho| preloh fdslwdo lv dgghg wr wkh prgho wkhq wkh
h￿hfw zrxog fdqfho rxw1 Krzhyhu/ wklv zrxog qrw eh wkh fdvh zkhuhyhu/ dv sodxvleoh/
fdslwdo fdqqrw eh ixoo| dgmxvwhg dorqj wkh exvlqhvv f|foh +h1j1/ fdslwdo fdqqrw eh
lqvwdoohg zlwkrxw vrph dgmxvwphqw frvwv dqg2ru kdv vrph ￿up0vshfl￿f surshuwlhv,/
vhh Hufhj +4<<:,1
5<+zdjhv, e| d odujh dprxqw zkhq wkh| fdq uhvhw wkhp1 Lq wkh deryh prg0
hov/ wkh| zrxog eh zloolqj wr gr vr rqo| iru rqh uhdvrq= wr suhvhuyh
ghpdqg1 Wkh| uhfrjqlvh wkdw/ iroorzlqj d srvlwlyh prqh| vkrfn/ li wkh|
u h v h wdk l j k h us u l f h+ z d j h ,w k h qw k h |z l o oo r v hg h p d q gi r uj r r g v+ o d e r x u ,
zlwk uhvshfw wr wkh rwkhu upv +zrunhuv, orfnhg lqwr wkh frqwudfw douhdg|
vljqhg rqh shulrg ehiruh1 Wkh kljkhu lv wkh hodvwlflw| ri vxevwlwxwlrq/ wkh
k l j k h uw k hh o d v w l f l w |r ig h p d q g /w k hk l j k h uw k ho r v vl qg h p d q g /w k hf o r v h u
wkh qhz uhvhw sulfh +zdjh, wr wkh h{lvwlqj rqhv/ dqg wkh kljkhu lv vwlfnl0
qhvv1 Wkhq/ ghshqglqj rq wkh vwuxfwxuh ri wkh prgho/ wkh jrrgv pdunhw
+dqg khqfh wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq jrrgv/ l1h1/ w,r uw k h
oderxu pdunhw +dqg khqfh wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq vnloov/
l1h1/ , sod|v wkh slyrwdo uroh1 Lq wkh uvw fdvh/ sulfh vwdjjhulqj zrxog
qdwxudoo| gholyhu pruh shuvlvwhqfh wkdq zdjh vwdjjhulqj +l1h1/ -2 	- e,
dqg ylfh yhuvd lq wkh vhfrqg fdvh +l1h1/ -D 	- ￿,1
Wkh rwkhu yhu| uhodwhg lvvxh lv idfwru prelolw|= wkh orzhu lv idfwru
prelolw| wkh vwurqjhu lv wkh hhfw mxvw ghvfulehg lq wkh suhylrxv sdud0
judsk/ wkdw lv/ wkh pruh vxevwlwxwdelolw| pdwwhuv1 Wklv srlqw zdv dfwxdoo|
douhdg| vxjjhvwhg lq wkh suhylrxv vhfwlrq1 Li fdslwdo lv qrw iuhho| preloh
dfurvv lqgxvwulhv wkhq upv idfh dq xszdug vorslqj pdujlqdo frvw fxuyh1
Wkxv wkh sulfh ghshqgv rq ghpdqg dqg khqfh/ wkurxjk wkh uhodwlyh sulfh
hhfw/ sulfh vwlfnlqhvv lqfuhdvhv1
Pruh lpsruwdqwo|/ zh vdz wkdw uhvwulfwlrqv rq oderxu prelolw| fdq
lqfuhdvh shuvlvwhqfh frqvlghudeo|1 Ohw xv frqvlghu wkh sulfh vwdjjhulqj
prgho lq wkh shuihfw prelolw| dqg lqgxvwuldo xqlrq fdvhv +l1h1/ -￿ dqg
-2 ,1 Dqdo|wlfdoo|/ wkh rqo| glhuhqfh ehwzhhq wkh wzr prghov frphv
iurp wkh pdujlqdo frvw ri vxsso|lqj oderxu/ wkdw lv/ htxdwlrq +8,1 Lq wkh
shuihfw oderxu prelolw| fdvh wkhuh lv d frpprq oderxu pdunhw dqg wkxv
,￿| ' ,(| ' ,| Doo wkh vhfwruv kdyh wr sd| wkh vdph zdjh dffruglqj wr
wkh pdujlqdo frvw ri zrunlqj ri wkh dyhudjh krxvhkrog1 Khqfh/ iroorzlqj
63d prqh| vxsso| vkrfn/ djjuhjdwh ghpdqg lqfuhdvhv1 Wkh qrq0uhvhwwlqj
vhfwruv zloo vdwlvi| wklv h{wud ghpdqg dw jlyhq sulfhv1 Wr gr vr/ wkh| kdyh
wr elg iru qhz zrunhuv1 Jlyhq wkh frpprq oderxu pdunhw/ wkh lqfuhdvh lq
wkh qrplqdo zdjh lv wudqvplwwhg wr wkh sulfh0uhvhwwlqj vhfwru wkdw idfhv d
ulvh lq pdujlqdo frvw1 Zkhq oderxu lv lppreloh dfurvv lqgxvwulhv/ lqvwhdg/
wkh vhjphqwhg oderxu pdunhw fxwv r wklv frvw wudqvplvvlrq phfkdqlvp1
Ixuwkhupruh/ lq wklv fdvh wkh uhohydqw oderxu ghpdqg lv wkh lqgxvwuldo
oderxu ghpdqg/ vlqfh zrunhuv duh vhfwru vshflf +l1h1/ ,￿| ' ,￿| 9' ,
|,1
Khqfh/ wkh pdujlqdo frvw ri zrunlqj ri krxvhkrogv hpsor|hg lq wkh sulfh
uhvhwwlqj lqgxvwulhv ghshqgv rqo| rq wkh lqgxvwuldo oderxu ghpdqg +,￿|,
dqg qrw rq djjuhjdwh oderxu ghpdqg +,
|,1 Wklv pdnhv wkh frqglwlrq lq
wkh sulfh uhvhwwlqj vhfwru oderxu pdunhw ghshqg khdylo| rq wkh hodvwlflw|
ri wkh lqgxvwuldo oderxu ghpdqg1 Kljkhu zdjhv dhfw wkh sulfh ri wkh
jrrg surgxfhg e| wkh lqgxvwu|1 Wklv lq wxuq dhfwv wkh ghpdqg +wkurxjk
w, iru wkh jrrg/ uhgxflqj wkh ghpdqg iru oderxu1 Dojheudlfdoo|/ wklv
glhuhqfh lv kljkoljkwhg e| wkh whup w#,, lq wkh ghqrplqdwru ri -21W k h
idfw wkdw wkh zrunhuv idfh d glhuhqw oderxu ghpdqg lv zkdw glvwlqjxlvkhv
wkh wzr fodvvhv ri prghov/ pdnlqj pdujlqdo frvw ulvh pxfk vorzhu iru wkh
uhvhwwlqj vhfwru lq wkh qr oderxu prelolw| fdvh1 Lqghhg/ jlyhq wkh olnho|
pdjqlwxghv ri w dqg #,,c wklv hhfw txdqwlwdwlyho| pdnhv d kljk glhuhqfh/
dv vkrzq deryh1
Vlploduo|/ lq wkh fudiw xqlrq fdvh/ zrunhuv fdqqrw pryh dfurvv
vnloov1 Wkhq/ lq wkh zdjh vwdjjhulqj prgho/ wkh pdujlqdo frvw ri zrunlqj
iru krxvhkrogv ehorqjlqj wr d sduwlfxodu fudiw xqlrq ghshqgv rqo| rq
wkh fudiw oderxu ghpdqg1 Wkh hodvwlflw| ri ghpdqg lv mxvw wkh hodv0
wlflw| ri vxevwlwxwlrq ehwzhhq vnloov +,1 Wkxv/ wkh whup #,, dsshduv
lq wkh ghqrplqdwru ri -D159 Wr vhh krz wklv fdvh lv v|pphwulf wr wkh
59Lq wkh ￿fudiw￿ xqlrq/ sulfh vwdjjhulqj fdvh/ dv zh nqrz/ ! grhv qrw sod| d uroh
ehfdxvh d v|pphwulf htxloleulxp krogv lq wkh oderxu pdunhw1
64lqgxvwuldo xqlrq zdjh vwdjjhulqj fdvh/ ohw xv fdofxodwh wkh hodvwlflw| ri
oderxu ghpdqg iru dq lqgxvwuldo xqlrq1 Vxevwlwxwh +4, lqwr +6, dqg xvh















Khqfh/ wkh hodvwlflw| ri wkh ghpdqg iru oderxu zlwk uhvshfw wr wkh prqh|
zdjh iru dq lqgxvwuldo xqlrq lv htxdo wr 0 Zh fdq vlpso| uhzulwh -e
dv
-e '
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zklfk h{dfwo| fruuhvsrqgv wr -D/ wkh rqo| glhuhqfh ehlqj wkh glhuhqw
hodvwlflw| ri oderxu ghpdqg iru d fudiw xqlrq +, dqg dq lqgxvwuldo
xqlrq +0,1
Ilqdoo|/ e| frqvlghulqj wkh |hrpdq iduphu prgho +l1h1/ sulfh vwdj0
jhulqj dqg qr oderxu prelolw| dfurvv lqgxvwulhv, zlwk oltxlglw| frqvwudlqwv
zh fdq lghqwli| wkh iroorzlqj hhfwv
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5, qr fdslwdo prelolw| . sulfh vwdjjhulqj
4, frpprq h￿hfw
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7, oltxlglw| frqvwudlqwv
1
4, lv wkh sxuh vwdjjhulqj hhfw/ lq wkh vhqvh wkdw lw lv frpprq wr doo
prghov> 5, kdv ehhq ghvfulehg lq wkh suhylrxv vhfwlrq dqg 6, lq wkh suhvhqw
vhfwlrq1 7, lv gxh wr oltxlglw| frqvwudlqwv/ zklfk fkdqjh wkh lqfrph hhfw
rq oderxu vxsso|1 Wkh hhfw sdudoohov wkh qr oderxu prelolw| hhfw1 Dv
wkh frqvwudlqw rq oderxu prelolw| dhfwv wkh pdujlqdo glvxwlolw| iurp
zrunlqj/ lq d vlplodu zd| oltxlglw| frqvwudlqwv dhfw wkh pdujlqdo xwlolw|
ri frqvxpswlrq1 Lq wklv fdvh/ lw lv wkh hodvwlflw| ri lqgxvwuldo lqfrph
zlwk uhvshfw wr wkh prqh| zdjh +0j,z k l f kl vu h o h y d q w 1K r z h y h u /z hk d y h
65douhdg| qrwlfhg wkdw zkloh oltxlglw| frqvwudlqwv hqkdqfh shuvlvwhqfh/ wkhlu
txdqwlwdwlyh lpsruwdqfh lv olnho| wr eh vpdoo1
Wr jhqhudwh shuvlvwhqfh zh qhhg idfwru lpprelolw| dqg vrph vxe0
vwlwxwdelolw| ehwzhhq jrrgv dqg2ru oderxu1 Txdqwlwdwlyho|/ wkh glhuhqfh
wkhq uhvwv xsrq wkh txdqwlwdwlyh glhuhqfh ehwzhhq wkh uhohydqw hodvwlfl0
wlhv1 Wkh idfw wkdw 0 +@ 5159, lv pxfk orzhu wkdq  fuhdwhv wkh glhuhqfh
ehwzhhq -e dqg -D1 Pruhryhu/ wkh txdqwlwdwlyh glhuhqfh ehwzhhq wkh
wzr prghov deoh wr gholyhu vljqlfdqw shuvlvwhqfh +qdpho|/ wkh |hrpdq
iduphu prgho dqg wkh zdjh vwdjjhulqj prgho zlwk vnloov vxevwlwxwdelolw|,
dovr ghshqgv xsrq wkh txdqwlwdwlyh glhuhqfh ehwzhhq wkh uhohydqw hodv0
wlflwlhv +l1h1/ w dqg , Li zh fdoleudwh w ' f 5: wkhq lq wkh |hrpdq iduphu
fdvh zh jhw -2 'f  dqg b2 'f Dc zklfk duh edvlfdoo| htxlydohqw wr
wkh ehqfkpdun fdvh iru wkh -D dqg bD5;
D qdo uhpdun lv qhhghg1 Wkh shuihfwo|  h{leoh zdjh2sulfh prgho
suhvhqwhg khuh lv txlwh vw|olvhg/ exw dovr txlwh jhqhudo dv zh wulhg wr vkrz
deryh1 Lqghhg/ vlqfh lw hqfrpsdvvhv prvw ri wkh plfurirxqghg prghov ri
vwdjjhulqj lq wkh olwhudwxuh/ lw fdq eh wkrxjkw ri dv ghulyhg iurp wkh orj0
olqhdulvdwlrq ri d pruh jhqhudo plfurirxqghg prgho1 Krzhyhu/ lpsolflwo|
wkh orj0olqhdulvhg prgho suhvxphv dqrwkhu qrw lqqrfxrxv dvvxpswlrq1
Wkh prgho lv orj0olqhdulvhg durxqg d sduwlfxodu vwhdg|0vwdwh zlwk frq0
vwdqw prqh| vxsso| +l1h1/ }hur lq dwlrq vwhdg| vwdwh,1 Lq idfw/ wkh srolf|
sdudphwhuv +ru wkh lq dwlrq wuhqg, gr qrw dsshdu lq wkh prgho1 Krzhyhu/
5:Riwhq lq wkh olwhudwxuh +h1j1/ Fkdul hw do1 +4<<9,, d FHV ixqfwlrq lv xvhg wr
ghvfuleh wkh whfkqrorj| iru surgxflqj ￿qdo jrrgv iurp lqwhuphgldwh jrrgv1 Lw iroorzv
wkdw ￿ lv d whfkqrorj| sdudphwhu uhsuhvhqwlqj wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq
lqsxwv dqg wkxv wkh hodvwlflw| ri ghpdqg iru lqwhuphgldwh jrrgv1 Fkdul hw do1 +4<<9,
fdoleudwh lw htxdo wr 431
5;Pruhryhu/ wklv zrxog vxjjhvw wkdw frpelqlqj sulfh dqg zdjh vwdjjhulqj lq d
￿fudiw￿ xqlrq prgho frxog gholyhu vxevwdqwldo shuvlvwhqfh1 Wklv lqwxlwlrq lv ghyhorshg
e| Hufhj +4<<:,1
66Dvfdul +4<<:, vkrzhg wkh ghjuhh ri shuvlvwhqfh wr eh ghfuhdvlqj frqvlg0
hudeo| lq wkh vwhdg| vwdwh lq dwlrq wuhqg1 Wklv srlqw kdv wr eh wdnh lqwr
dffrxqw dqg frpelqhg zlwk wkh uhvxowv deryh1
8 Frqfoxvlrqv
Zh kdyh ghulyhg d jhqhudo/ vw|olvhg orj0olqhdu prgho zklfk hqfrpsdvvhv
prvw ri wkh plfurirxqghg prghov ri sulfh2zdjh vwdjjhulqj1 Rxu iudph0
zrun vkrzv krz wkh glhuhqw k|srwkhvlv rq wkh vwuxfwxuh ri wkh prgho/
suhihuhqfhv dqg whfkqrorj| frpelqh lq lqgxflqj shuvlvwhqfh1 Zh zhuh
wkhq deoh wr vkrz zk| glhuhqw vwdjjhulqj prghov lq wkh olwhudwxuh fdph
wr yhu| glhuhqw frqfoxvlrqv1 Rxu jhqhudo iudphzrun surylghv qhz lq0
vljkwv rq wkh lpsruwdqfh ri wkh xqghuo|lqj hfrqrplf vwuxfwxuh iru wkh
delolw| ri vwdjjhuhg sulfh2zdjh prghov wr h{sodlq wkh shuvlvwhqfh ri uhdo
hhfwv ri prqh| vkrfnv1 Wkh pdlq frqfoxvlrqv duh=
0 Lq prqrsrolvwlf frpshwlwlrq/ dqg khqfh jdph0wkhru|0iuhh iudph0
zrunv/ vxevwlwxwdelolw| ehwzhhq jrrgv dqg2ru oderxu w|shv sod|v wkh pdmru
uroh lq jhqhudwlqj shuvlvwhqfh1 Lq prghov zlwk rqo| vxevwlwxwdelolw| eh0
wzhhq jrrgv/ sulfh vwdjjhulqj qdwxudoo| gholyhuv kljkhu shuvlvwhqfh wkdq
zdjh vwdjjhulqj +li wkh pdujlqdo frvw fxuyh lv xszdug vorslqj,1 Wkh rs0
srvlwh lv wuxh lq prghov zlwk vxevwlwxwdelolw| ehwzhhq oderxu w|shv +wkh
fudiw xqlrq prgho,1
0 Wr jhqhudwh shuvlvwhqfh wrjhwkhu zlwk vrph vxevwlwxwdelolw| eh0
wzhhq jrrgv dqg2ru oderxu zh qhhg vrph nlqg ri idfwru lpprelolw|>
lq sduwlfxodu/ wkh glvwlqfwlrq ehwzhhq iuhh prelolw| dqg qr prelolw| ri
oderxu lv ixqgdphqwdo1 Qr0prelolw|0ri oderxu prghov +erwk lqgxvwuldo
dqg fudiw xqlrq prghov, eulqj lq qhz phfkdqlvpv wkdw lqfuhdvh shu0
vlvwhqfh/ vwuhqjwkhqlqj wkh hhfwv ri vxevwlwxwdelolw|1 Txdqwlwdwlyho|/ wkh
67glhuhqfh uhvwv xsrq wkh txdqwlwdwlyh glhuhqfh ehwzhhq wkh uhohydqw
hodvwlflwlhv ri vxevwlwxwlrq +l1h1/ hodvwlflwlhv ri idfwru ghpdqgv,
0 Oltxlglw| frqvwudlqwv whqg wr +pdujlqdoo|, lqfuhdvh shuvlvwhqfh1
0 Zkloh lq wkhvh prghov d vxevwdqwldo +lq wkh vhqvh ri qhdu udqgrp
zdon ehkdylrxu, ghjuhh ri shuvlvwhqfh lv xqolnho|/ wzr prghov fdq gholyhu
vljqlfdqw shuvlvwhqfh= wkh |hrpdq iduphu prgho +zlwk sulfh vwdjjhulqj,
dqg wkh fudiw xqlrq prgho zlwk zdjh vwdjjhulqj1 Lw lv qrw wkhq e|
fkdqfh wkdw wkh wzr prghov lq wkh olwhudwxuh zklfk fodlp wr eh deoh wr
jhqhudwh d frqwudfw pxowlsolhu duh Urwhpehuj dqg Zrrgirug +4<<:, dqg
Hufhj +4<<:,1 Wkh uvw lv d |hrpdq0iduphu prgho/ wkh vhfrqg lv d fudiw
xqlrq prgho15<
0 Fhwhulv sdulexv +l1h1/ iru uhdolvwlf ydoxhv ri doo wkh rwkhu sdudph0
whuv,/ wkhvh frqfoxvlrqv gr qrw ghshqg rq wkh sduwlfxodu ydoxh dvvljqhg wr
wkh lqwhuwhpsrudo hodvwlflw| ri oderxu vxsso|/ zklfk vr idu kdv ehhq wkh ir0
fxv ri wklv olwhudwxuh1 Wklv vxjjhvwv wkdw wkh lpsruwdqfh ri wkh lqwhuwhp0
srudo hodvwlflw| ri oderxu vxsso| lq jhqhudwlqj shuvlvwhqfh lq vwdjjhuhg
zdjh2sulfh prghov pd| kdyh ehhq vrphzkdw ryhuvwdwhg1
5<Vrph rwkhuv dfwxdoo| vkduh wkh vdph fodlp/ exw lq d vrphzkdw qrq0vwdqgdug
iudphzrun dqg khqfh wkhlu prghov fdqqrw eh hqfrpsdvvhg e| rxu prgho1 Iru h{dpsoh/
Dqghuvhq +4<<;e, frqvlghuv d sduwlfxodu xwlolw| ixqfwlrq ri d prqrsro| xqlrq/ Dvfdul
dqg Jdufld +4<<;, frqvlghu wkh h{lvwhqfh ri uhodwlyh zdjh frqfhuq/ Ehujlq dqg Ihhqvwud
+4<<;, frqvlghu d wudqvorj irup iru suhihuhqfhv1
68Uhihuhqfhv
Dqghuvhq/ W1 P1 +4<<;d,1 Shuvlvwhqf| lq vwlfn| sulfh prghov1 Hxurshdq
Hfrqrplf Uhylhz/ Sdshuv dqg Surfhhglqjv 75/ 8<69361
Dqghuvhq/ W1 P1 +4<<;e,1 Vwdjjhuhg zdjh vhwwlqj dqg rxwsxw shuvlv0
whqfh1 Plphr/ Xqlyhuvlw| ri DDukxv1
Dvfdul/ J1 +4<<:,1 Rswlplvlqj djhqwv/ vwdjjhuhg zdjhv dqg wkh shu0
vlvwhqfh ri wkh uhdo hhfwv ri prqh| vkrfnv1 Zduzlfn Hfrqrplf
Uhvhdufk Sdshuv qr17;91
Dvfdul/ J1 dqg M1 D1 Jdufld +4<<;,1 Uhodwlyh zdjh frqfhuq= Wkh plvvlqj
slhfh lq wkh frqwudfw pxowlsolhu1 Plphr/ Xqlyhuvlw| ri Zduzlfn1
Eìqdvv|/ M1 S1 +4<<8,1 Prqh| dqg zdjh frqwudfwv lq dq rswlpl}lqj
prgho ri wkh exvlqhvv f|foh1 Mrxuqdo ri Prqhwdu| Hfrqrplfv 68/
6366481
Ehujlq/ S1 U1 dqg U1 F1 Ihhqvwud +4<<;,1 Vwdjjhuhg sulfh vhwwlqj dqg
hqgrjhqrxv shuvlvwhqfh1 QEHU Zrunlqj Sdshu qr1 97<51
Eodqfkdug/ R1 M1 dqg V1 Ilvfkhu +4<;<,1 Ohfwxuhv rq Pdfurhfrqrplfv1
Fdpeulgjh/ PD/ Wkh PLW Suhvv1
Eodqfkdug/ R1 M1 dqg Q1 Nl|rwdnl +4<;:,1 Prqrsrolvwlf frpshwlwlrq
dqg wkh hhfwv ri djjuhjdwh ghpdqg1 Dphulfdq Hfrqrplf Uh0
ylhz ::/ 97:9991
Fdoyr/ J1 D1 +4<;6,1 Vwdjjhuhg sulfhv lq d xwlolw|0pd{lplvlqj iudph0
zrun1 Mrxuqdo ri Prqhwdu| Hfrqrplfv 45/ 6;66<;1
Fkdul/ Y1 Y1/ S1 M1 Nhkrh/ dqg H1 U1 PfJudwwdq +4<<9,1 Vwlfn| sulfhv
prghov ri wkh exvlqhvv f|foh= Fdq wkh frqwudfw pxowlsolhu vroyh wkh
shuvlvwhqfh sureohpB QEHU Zrunlqj Sdshu qr1 8;3<1
69Gl{lw/ D1 dqg M1 Vwljolw} +4<::,1 Prqrsrolvwlf frpshwlwlrq dqg rswl0
pxp surgxfw glyhuvlw|1 Dphulfdq Hfrqrplf Uhylhz 9:/ 5<:63;1
Gl{rq/ K1 dqg Q1 Udqnlq +4<<7,1 Lpshuihfw frpshwlwlrq dqg pdfur0
hfrqrplfv= D vxuyh|1 R{irug Hfrqrplf Sdshuv 79/ 4:44<<1
Hufhj/ F1 +4<<:,1 Qrplqdo zdjh uljlglwlhv dqg wkh sursdjdwlrq ri prq0
hwdu| glvwxuedqfhv1 Plphr/ Erdug ri Jryhuqruv ri wkh Ihghudo Uh0
vhuyh V|vwhp1
Ilvfkhu/ V1 +4<::,1 Orqj0whup frqwudfwv/ udwlrqdo h{shfwdwlrqv/ dqg wkh
rswlpdo prqh| vxsso| uxoh1 Mrxuqdo ri Srolwlfdo Hfrqrp| ;8/4 < 4 
5381
Jud|/ M1 D1 +4<:9,1 Zdjh lqgh{dwlrq= d pdfurhfrqrplf dssurdfk1
Mrxuqdo ri Prqhwdu| Hfrqrplfv 5/ 5545681
Mhdqqh/ R1 +4<<;,1 Jhqhudwlqj uhdo shuvlvwhqw hhfwv ri prqhwdu|
vkrfnv= Krz pxfk qrplqdo uljlglw| gr zh uhdoo| qhhgB Hxurshdq
Hfrqrplf Uhylhz 75/ 433<43651
Nloh|/ P1 W1 +4<<:,1 Vwdjjhuhg sulfh vhwwlqj dqg uhdo uljlglwlhv1 Plphr/
Erdug ri Jryhuqruv ri wkh Ihghudo Uhvhuyh V|vwhp1
Nlp/ M1 +4<<9,1 Prqhwdu| srolf| lq d vwrfkdvwlf htxloleulxp prgho zlwk
uhdo dqg qrplqdo uljlglwlhv1 Plphr/ \doh Xqlyhuvlw|1
S h q f d y h o /M 1+ 4 < ; 9 , 1O d e r uv x s s o |r ip h q =Dv x u y h | 1L qR 1F 1D v k h q 0
ihowhu dqg U1 Od|dug +Hgv1,/ Kdqgerrn ri Oderu Hfrqrplfv/s s 1
64351 Dpvwhugdp/ Qruwk0Kroodqg1
Urwhpehuj/ M1 M1 dqg P1 Zrrgirug +4<<:,1 Dq rswlpl}dwlrq0edvhg
hfrqrphwulf iudphzrun iru wkh hydoxdwlrq ri prqhwdu| srolf|1 Lq
M1 M1 Urwhpehuj dqg E1 V1 Ehuqdqnh +Hgv1,/ QEHU Pdfurhfrqrplfv
Dqqxdo 4<<:/ ss1 5<:6791 Fdpeulgjh/ PD/ Wkh PLW Suhvv1
6:Wd|oru/ M1 E1 +4<:<,1 Vwdjjhuhg zdjh vhwwlqj lq d pdfur prgho1 Dphu0
lfdq Hfrqrplf Uhylhz 9</ 43;4461
Wd|oru/ M1 E1 +4<;3,1 Djjuhjdwh g|qdplfv dqg vwdjjhuhg frqwudfwv1
Mrxuqdo ri Srolwlfdo Hfrqrp| ;;/ 4561
6;